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Axiomatic Quantification of Multidimensional
Image Resolution

Joseph A. O’Sullivan, Ming Jiang, Xiao-ming Ma, and Ge Wang

Abstract—We generalize the axiomatic quantification of one-
dimensional (1-D) image resolution to the multidimensional case.
The imaging system of interest is characterized by a nonnegative
spatially invariant point spread function. The axioms extended
from the 1-D counterparts include nonnegativity, continuity,
translation invariance, rotation invariance, luminance invariance,
homogeneous scaling, and serial combination properties. It is
proved that the only resolution measure consistent with the axioms
is proportional to the square root of the trace of the covariance
matrix of the point spread function.

Index Terms—Axiomatic derivation, image resolution, resolu-
tion.

I. INTRODUCTION

I N A RECENT letter [1], Wang and Li presented an
axiomatic approach for defining image resolution. For

a one-dimensional (1-D), nonnegative, spatially invariant
imaging system. They proved that, based on their axioms,
the image resolution measure must be the standard deviation
of the system point spread function (PSF), up to a constant
multiplier. In this letter, we generalize their finding to the
multidimensional case. The 1-D axioms are transformed into
multidimensional versions, along with a new rotation axiom.
We establish that the only resolution measure consistent with
these multidimensional axioms is proportional to the square
root of the trace of the covariance matrix of the PSF.

II. A XIOMS

The imaging system under consideration is modeled as

(1)

where is a function representing an object or a scene,is a
nonnegative spatially invariant PSF,is an image, and de-
notes -dimensional convolution. For this imaging system (1),
let denote a measure of its image resolution. By conven-
tion, the smaller is, the finer detail the system can resolve.
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In the following analysis, we assume that the nonnegative
function is integrable with finite first- and second-order mo-
ments. Let denote a Gaussian probability density function
with zero mean vector and covariance matrix. Denote an

identity matrix by .
Similar to what was done in [1], the multidimensional axioms

on are postulated as follows.
Axiom 1 (nonnegativity): ; and is finite.
Axiom 2 (continuity): is a continuous function of in

the following sense: if converges to vaguely in the sense
of measure as measure density functions [2, p. 217], then
converges to . That is, if for all

then .
Axiom 3 (translation invariance): For every , let

be the PSF defined by

then .
Axiom 4 (rotation invariance): For every real orthog-

onal matrix , let be the PSF defined by

then .
Axiom 5 (luminance invariance): For all ,

.
Axiom 6 (scaling): If the argument of is scaled, the measure

of resolution is scaled by the same amount. That is, let
for some finite , then

(2)

Axiom 7 (combination): There exists a functionsuch that
for any two imaging systems with PSFsand , respectively,
the image resolution measure of the composite system by serial
connection of the two systems and is

(3)

Comments:

1) At least one PSF must have positive resolution measure
to rule out the trivial case for all .

2) The continuity, translation invariance, luminance invari-
ance, scaling, and combination axioms are essentially the
same as 1-D counterparts in Wang and Li [1].
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3) Rotation invariance assumes all axes are in the same units
and no direction is preferred. Further comments on this
axiom are in the discussion section.

4) The combination axiom allows the reduction of a general
PSF to a Gaussian distribution with the same covariance
matrix as that PSF normalized to unit area. The function

is uniquely determined by the axioms.

III. D ERIVATION

The derivation has two parts. First, the image resolution of
a Gaussian distribution is determined. Second, the image reso-
lution for a general PSF is found in terms of a corresponding
Gaussian distribution. The following lemma is immediate from
the axioms.

Lemma 1: For any integrable function with finite first
moment, underAxioms 3 and5, , where

(4)

and

(5)

Thus, it is sufficient to consider PSFs that are probability
density functions with mean zero.

Denote the set of real positive definite symmetric
matrices by and the set of real symmetric matrices
by . The closure of is , the set of nonnegative definite
symmetric matrices.

A. Gaussian Case

Let be the -dimensional Gaussian PSF with mean
vector and covariance matrix

for

(6)
where is the determinant of . For the standard normal-
ized Gaussian , we assume that its resolution is; that is,

.
From the convolution of two Gaussians

(7)

Lemma 1 implies that the resolution of any Gaussian depends
only on . Denote the function of a Gaussian that determines
resolution based on the covariance matrix by

(8)

Based on the combinationAxiom 7 and (7), we have the fol-
lowing properties of and :
and .

Let denote the inner product of matrices,
Trace .

Theorem 2: UnderAxioms 1–5, 6,and7, the following prop-
erties for and hold:

for and (9)

for (10)

for (11)

where is a symmetric matrix.
Proof: Axiom 6 states that scaling by results in a

change of resolution by a factor of. For Gaussians, multiplying
by is equivalent to multiplying by . This yields (9).

In particular, for . From the properties
for and

(12)

(13)

proving (10). Next, consider . It satisfies the equalities

(14)

and . Thus, is homogeneous and additive
on .

Now we extend from to . Any can be written
as the difference between two positive definite matrices, such
as , where . Define a new function
by . To show that is well-defined
we must show that if it is also true that , then

. This follows since the
equality and (14) imply that

. To prove that coincides with
on , first note that by (9). Secondly, any

can be written as with
and for any . Then

. Letting , we have , by Axiom
2 and the limit property of near .

Next, we show that is a linear functional on . For any
, let and with ,

1, 2, 3, 4. Note now is an
admissible decomposition for the definition of.

is equivalent to
by the definition of , which

follows from
by (14). This immediately implies that

is additive on . To show that is homogeneous, consider
. For , we have easily from the

definition of and the corresponding property for(9). For
, . Finally, if
, , then .

Thus, is a linear functional on , with a unique representation

where (15)

Equation (11) follows immediately.
Theorem 3: UnderAxioms 1–7

Trace
for (16)
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Proof: Theorem 2 implies . Axiom 4
gives

(17)

for all orthogonal matrices . Then

Trace (18)

Trace (19)

Trace (20)

for all orthogonal matrices and all and by the property
that Trace Trace . Since is symmetric, there
exists an orthogonal matrix such that

(21)

is diagonal, with diagonal entries . Select
any pair of diagonal entries and and let be the per-
mutation matrix that interchanges theth and th rows of the
identity matrix and leaves the rest untouched. Applying (20) for

and

Trace Trace (22)

for all , which implies that

(23)

for all nonnegative pairs ( ). This is only possible if
. Thus, the diagonal entries of must all be equal.

Since , we get for all .
Since each is the limit of a sequence of and

the corresponding PSF converges to vaguely as in the
continuity Axiom 2, the following corollary follows immedi-
ately from Theorem 3.

Corollary : Trace for .

B. General Case

Theorem 4: If is an image resolution measure satisfying
Axioms 1–7, then for any nonzero nonnegative PSF

Trace
(24)

where is the covariance matrix, defined by

(25)

where is the mean value vector, defined in
(5).

Proof: By Lemma 1, we may assume that
and without loss of generality. For , let

and , where there
are terms. Then byAxioms 5and6, . By
Axiom 7 and Theorem 2, .

Let denote the Fourier transform of, defined as

For , we have, for small enough, by a Taylor series expansion
around (following Doob [3, p. 140])

Since , we have

for any , when is large enough. Then

Hence

(26)

for any . By [2, Prop. 8.69], converges to
vaguely in the sense of measure as measure density functions.
Since for all , by the continuityAxiom 2,

. The conclusion follows immediately.

IV. DISCUSSION

The combination axiom reduces the general case to the
Gaussian case. Subject to translation invariance, the resolution
of a Gaussian is determined by the covariance matrix. Rotation
invariance essentially states that the resolution measure must
be basis-free. Selection of different orthonormal axes in
dimensions to represent an image corresponds to a rotation of
the covariance matrix, from to , where is an or-
thogonal matrix. Thus, the resolution measure can only depend
on the eigenvalues of. From (7), the resolution measure must
depend on a function of a linear measure of the covariance
matrix and thus, on the trace.

If a measure of resolution in a lower dimensional subspace
is needed, then the rotational invariance axiom should be aban-
doned. With the other axioms in place, the measure of resolu-
tion still depends on a linear function of the covariance matrix,
which is determined by a matrix [see (11)]. An approach con-
sistent with the axioms is to project the covariance matrix onto
the lower dimensional subspaceand have a resolution measure
proportional to the square root of the trace of the resulting lower
dimensional covariance matrix. For 1-D resolution in the direc-
tion of , where , let . The resulting mea-
sure of resolution is proportional to , the standard de-
viation in that direction.
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