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Abstract— An algorithm that performs joint equalization and
decoding for channels with nonlinear two-dimensional inter-
symbol interfer enceis presented.The algorithm performs sum-
product message-passingn a factor graph that representsthe
underlying system. The two-dimensional optical storage (Two-
DOS) technology is an example of a system with nonlinear
two-dimensional intersymbol interference. Simulations for the
nonlinear channel model of TwoDOS shaw significant impr ove-
ment in performance over uncodedperformance.Noisetolerance
thresholds for the TwoDOS channel computed using density
evolution are also presented.

|. INTRODUCTION

Two-dimensional2D) intersymbolinterference(ISI) chan-
nels have receved a lot of attentionlately. This is mainly
due to the fact that researchfocusin the storageindustry is
shifting towards developing a two-dimensionalparadigmfor
storage Currentstoragetechnologiesrerestrictedby physical
limits which will prevent them from keeping up with the
ever increasingdemanddor datastorage.This hasprompted
the development of technologiesthat employ novel tech-
niguesfor datastorage.Patternedmagneticmedia,in which
information is storedin isolated single grain islands, make
areal densitiesof the order of 10*2bits/in? feasible,which
is far beyond the limits of corventionalmagneticrecording.
Holographicstorage page-orienteaptical memoriesandthe
two-dimensionaloptical storage (TwoDOS) technology are
potential optical storagetechnologiesof the future. Due to
the two-dimensionahatureof storagetheseadvancedstorage
technologieshave 2D ISI during the readbackprocess.Con-
ventionalrecordingtechnologiedike magnetichard disksand
DVDs have one-dimensionalSI for which partial response
maximum-likelihooddecodinghasbeenhighly successfulEx-
tendingPRML to two dimensionds not straightforward since
maximum-likelihooddecodingin two-dimensionss computa-
tionally infeasible. This motivatesthe needfor new methodso
combat2D ISI. Besidesadvancedstoragetechnologiesmulti-
user communicationscenariosike cellular communication,
also have situationswhere2D ISl is prevalent.

Detectionschemedor 2D ISI channelshave beenproposed
by mary researcherq1]-[5]. Singla et al., [6], [7] have
proposedoint equalizationand decodingschemesgor 2D ISl
channelsand have shawvn the benefitof usingerrorcorrection
codingin conjunctionwith detection.More oftenthannot, the
ISI is modeledasa linearfilter. Althougha goodstartingpoint,

the linearity assumptiordoesnt hold in general. TwoDOS is
an exampleof a systemwherethe ISI is nonlinear

TwoDOS:is, potentially the next generatioroptical storage
technologywith projectedstoragecapacitytwice that of the
blu-ray disk and with ten times fasterdata accessrates[8],
[9]. As in corventional optical disk recording, bits in the
TwoDOS model are written on the disk in spiral tracks.
However, insteadof having a single row of bit cells, each
track consistsof a number of bit rows stacled together
Thus, TwoDOS s a truly two-dimensionaktorageparadigm.
Successie trackson the disk are separatedy a guardband
which consistsof oneemptybit row. In addition,the bit cells
are hexagonal;this allows 15 percenthigher packingdensity
than rectangularbit cells leadingto higher storagecapacity
As in corventionaloptical disk recording,a 0/1 is represented
by the absence/presenad a pit on the disk surface.A scalar
diffractionmodelproposeddy Coene[8] for optical recording
is usedto model the readbacksignal from the disk. Under
this modelthe readbackintensity from the disk haslinearand
bilinear contritutions from the storeddata.

Various detection schemesfor TwoDOS have been pro-
posed[9]-[11]. Theseschemeswith the exception of that
proposedby Immink et al., [9], usetwo-dimensionalpartial
responseequalizationto obtain a linear channelmodel for
the ISI. Then, equalization methodslike minimum mean-
squared-erroequalizationareusedfor detectionon this linear
channelmodel. Since partial responseequalizationleadsto
noisecorrelationthereis aninherentossassociateavith these
schemesThus, it is prudentto searchfor decodingschemes
thatavoid partialresponsequalizatiorandaredesignedaking
into accountthe nonlinear structure of the ISI. Immink et
al., [9] proposeusing a stripe-wise Viterbi detectorthat is
designedor the nonlinearlSl. However, they did not employ
ary error correctioncoding.

In this paperalow-compleity schemdor joint equalization
anddecodingfor nonlinear2D ISI channelss presentedThe
schemewasfirst proposedor linear 2D ISI channeld6] and
has been appropriatelymodified for the nonlinear channel.
This scheme,called the full graph scheme,performs sum-
productmessage-passingn a joint graphthat representshe
errorcorrectioncodeandthe nonlinear2D ISI channel Low-
density parity-check (LDPC) codes[12] are used for error
correction. Simulationsfor the nonlinear channelmodel of



TwoDOS demonstratethe potential of using the full graph
scheme Significantimprovementin performancds obsened
over uncoded performance.Noise tolerancethresholdsare
calculatedfor regular LDPC codesof differentratesand full
graphdecodingfor the nonlinear2D ISI channel.

The paper is organized as follows. The model of the
systemand the channelmodel for TwoDOS is describedin
Sectionll. The full graphmessage-passirggorithm and its
performancefor TwoDOS are presentedn Sectionlll. The
densityevolution algorithmandthe noisetolerancethresholds
are presentedn SectionlV. SectionV concludeshe paper

Il. SYSTEM MODEL

The systemis modeledas a discrete-timecommunication
systemgovernedby the following equation;

r(i, j) = h({z(k,1) : (k,1)EN;;}) + w(i, 7). (@H)

Here,r(i, 7) is thedatarecevedat the outputof thechannel.
z(k,l) arethe channelinputs, obtainedby encodingthe user
data using an error correction code. The user data and the
encodeddataareassumedo be binary. LDPC codesare used
for error correction. w(i,j) are samplesof additve white
Gaussiamoise(AWGN) with zeromeanandvariances?. \;;
is the set of indicesof all the bits that interferewith x(i, )
during readbaclkand i(-) is the function that encapsulatethe
nonlinear2D interference.

For TwoDOS, a scalardiffraction model proposedby Co-
ene[8] for optical recordingis usedto model the readback
signal.Usingthe model,the readbaclsignal (opticalintensity)
from the disk is

1= ek, Dk, 1) +
(ks

LD

(k1) #(m,n)

wherec(k,l) andd(k,l; m,n) arerespectiely the linear and
nonlinearISI coeficients. Thesecoeficients dependon the
parametersof the optical system, such as the wavelength
of the laser numerical aperture of the readbacklens and
geometryof the recording (pit and track dimensions).The
extent of the interferenceis limited by the spot size of the
laserusedfor reading.For low-to-moderatestoragedensities
this leads to interferencefrom the nearestneighborsonly,
whereas,for high storagedensities(twice that of the blu-
ray disk) the interferencefrom bits in the other'shells’ also
becomessignificant[8].

Using a nearestneighbor interferencemodel, the signal
intensity in (2) dependson the databit storedin the central
bit cell and the 6 neighboringbit cells. If it is assumed
that two configurationswith the samecentral bit and same
number of nonzero neighborshave identical signal values
then the signalintensity takes on 14 valuescorrespondingo
the 14 different configurations.Fig. 1 shavs four of these
14 configurations.As showvn by Coene[8], this symmetry

T(i7j) =

d(k,l;m,n)z(k,)x(m,n), (2)

assumptionis a good approximation.Table | lists the signal
levels for the 14 differentconfigurations.
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Fig. 1. Four of the possiblel4 nearesheighborconfigurationgor TwoDOS.
Thedarkcirclesin the cells depicta pit correspondindo a stored1. Absence
of a pit indicatesa stored0. The pits cover only abouthalf the areaof the
hexagonalbit cells. This is doneto reducesignalfolding [8].

TABLE |
SIGNAL LEVELS FOR TWODOSRECORDING USING SCALAR DIFFRACTION
MODEL AND NEAREST NEIGHBORS. (REPRODUCED FROM [8])

Nonzero Central Central
neighbors(n) | bit=0 (sp,) | bit=1 (sn,)
0 0.95 0.50
1 0.80 0.35
2 0.70 0.30
3 0.55 0.20
4 0.45 0.15
5 0.35 0.10
6 0.25 0.05

This table is reproducedfrom [8] and correspondsto
TwoDOS recordingwith hexagonallattice parameteiand pit-
hole diameterequal to 165 nm and 120 nm, respectiely.
Using these parametergyives TwoDOS a 1.4 fold increase
in storagedensityover the blu-ray disc. Looking at the table,
the nonlinearity of the ISI is quite apparentthe signal level
doesnot changelinearly asthe numberof nonzeroneighbors
increasesand the rangewhen the centralbit is a O is greater
than when the centralbit is 1. Similar to Immink et al., [9]
the signallevelsin Tablel take into accountthe interference
from the outershells(beyondthe nearesneighbors)y taking
an averageacrossall the bit-patternsin theseshells.

I1l. FuLL GRAPH MESSAGE-PASSING ALGORITHM

Thefull graphalgorithmcomputesapproximateAPPsof the
codevord bits giventhe obsenationsby performingmessage-
passingon a factorgraphrepresentinghe underlyingsystem.
This “full graph” has three types of nodes;variable nodes,
check nodes,and measureddata nodescorrespondingo the
codevord bits, the parity-checkequations,and the obsened
data symbols,respectiely. The uppertwo levels in the full
graphrepresenthe LDPC codebipartite graphshowving how
the codevord bits are connectedto the check nodes via
the LDPC code parity-checkmatrix. The lower two levels
representhe channellSI graphshaving how the ISI induces
dependenciebetweenthe codevord bits. Fig. 2 showvs anil-
lustrationof thefull graphwherenearesheighborinterference
is assumed.

Message-passingn this full graphis performedusingthe
following schedule:variable nodesto check nodes, check
nodego variablenodesyariablenodesto measurediatanodes
andfinally measuredatanodego variablenodes Following is
abrief descriptionof how the messageareupdatedor eachof
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Fig. 2. Factorgraphrepresentatioof the TwoDOS system.
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the aforementionedour stepsfor the sum-productalgorithm.
The message# the updateequationsare probabilities.
Variable-to-check messages:The messagerom a variable
node x to a checknode ¢ at the ith iteration is calculated
using the messagepassedto = from its neighboringcheck
and measurediatanodesat the (I — 1)th iteration.

_ -
s = o [[ w20 I w22
reEN,(x) c’€N¢(z)\c
p.) = o [T w=00 I1 #5700).0)
reN,(x) c’ENc(z)\c

where u_f(f)_,c(-), pﬁll,m(-), and Mfflm(-) are respectiely, the

variable-to-check,measureddata-to-ariable, and check-to-
variablemessageatthelth iteration. N.(z) and N,.(x) arethe
neighboringcheckandmeasuredlatanodesof x respectiely,
and « is a normalizingconstant.

Check-to-variable messagesAt the ith iteration the check-
to-variablemessagearecalculatedisingthevariable-to-check
messagest the /th iteration and the sum-productule,
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where N (¢) are the variable nodesconnectedo checknode
C.
Variable-to-measured data messages: The variable-to-
measurediatamessageatthelth iterationarecalculatedusing
the messageseceved at the variable nodesfrom the check
nodesat the /th iteration and from the measureddatanodes
at the (I — 1)th iteration,

p.0) = o [ e@.0 I w020
cENc(x) €Ny (x)\r

p1) = o [T 2.0 JI #%H.6)
cEN(x) ' €Ny (z)\r

Measured data-to-variable messagesTo completeoneitera-
tion, themeasurediata-to-ariablemessageat the/th iteration
arecomputedusingthe variable-to-measuredatamessageat
the Ith iteration and the sum-productule,
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N(r) is the set of all variable nodesconnectedo measured
datanode r. The conditional probabilitiesabove are values
of a Gaussiamprobability density function. The meanof this
probability densityfunction is determinedoy the signallevels
givenin Tablel andthevariances equalto the noisevariance.

After this stepthe “pseudo-posteriorprobabilitiesare cal-
culated using the messagedrom the check nodesand the
measurediatanodes,

@) = o ] w20 J] #2.0
reN,(x) ceEN.(x)

@y = o I #2.0 JT #2.0. @
reN,(x) cEN.(x)

The codevord estimateis obtained by setting & to 1 if
qg(f)(l) > qél)(()) and 0 otherwise.The decodingstopsif the
decodercorvergesto a codavord or a maximum number of
iterationsis exhaustedThe compleity of the full graphalgo-
rithm is linear in the LDPC codeblock length and quadratic
in the size of the interfering neighborhood.

Resultsof using full graph message-passinigr the Two-
DOS channelmodel of (2) and Table | are shavn in Fig. 3.
The LDPC codeusedis a block length 10000, regular (3,30)
code.This high-ratecodeis chosenso asto addonly a small
numberof redundanparity bits. The SNR (E,/Ny) is defined
asthe averagesignal enegy divided by the noise power;

S ()65, +2)) /27
R-(207) - @

wheres,, /s, is the signallevel given that the centralbit is
a 0/1 and hasn nonzeroneighborsand R is the LDPC code
rate. From right to left the curvesin Fig. 3 are;the uncoded

SNR = 10log;,
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Fig. 3. Resultsof using the full graph message-passingigorithm for the
TwoDOS recordingmodel given by (2) and Tablel.

performance,the performanceof the full graph message-
passingalgorithmfor amaximumof 1, 2, 3, 4, and5 iterations.
The numberof iterationsis keptlow so asto reducedecoding
delay As the curvesshaw, the improvementin performances
quite significant. The performanceof the full graphalgorithm
after 5 iterationsis about8 dB better(at a bit error rate of
10~%) than the performancereportedin [9], where a stripe-
wise Viterbi detectoris usedfor the samelSl.

For the resultsshovn here the full graph algorithm only
takesinto accountthe ISI from the nearesneighbors.Includ-
ing the interferencefrom the other shells, though computa-
tionally expensve, canstill be accomplishedht a significantly
lower cost than the stripe-wise Viterbi detectorwhere the
compl«ity increasesexponentially Immink et al., [9] have
proposedthe use of modulation coding to eliminate data
patternsthat severely degradethe performanceof the stripe-
wise Viterbi detector Furthermore,they have incorporated
the modulationcode and detectioninto a Bliss-like scheme.
The modulation code can be incorporatedseamlesslyinto
our systemmodel; the modulation code can be represented
graphicallyand will add anotherlevel to the full graph.The
connection®f this subgraphwill differ dependingon whether
the modulationcode is incorporatedin the usualway (after
the LDPC encoder)or usedin a Bliss-like schemeWe have
not yet studiedthe performanceof sucha system.

IV. DENSITY EVOLUTION AND THRESHOLD
COMPUTATION

For mary channelsand decodersof interest,LDPC codes
exhibit a thresholdphenomenor{12]; there exists a critical
value of the channel parameter(noise tolerancethreshold,
say 6*) such that an arbitrarily small bit error probability
can be achieved if the noise level () is smaller than 6*
and the code length is long enough.On the other hand, for
0 > ¢* the probability of bit error is larger than a positive

constantRichardsorandUrbanle [12] developedanalgorithm
called density evolution for iteratively calculating message
densities,enabling the determinationof the aforementioned
threshold Kavci€ et al., [13] extendedthe work of Richardson
and Urbanle to computenoisetolerancethresholdsfor one-
dimensionallSI channels.

Usingadensityevolution similar to thatproposedy Kavcic

al., [13] noise tolerancethresholdsare computedfor the
full graph algorithm and the nonlinear TwoDOS channel.
Following is a brief descriptionof the algorithm. Density
evolution tracks the “evolution” of the probability density
function (pdf) of correct(or incorrect)ymessagepassedn the
graphastheiterationsprogressDensityevolution is described
more corveniently using log-likelihood ratios (LLR) instead
of probabilitiesto representhe messagesThe LLR for the
variable-to- checkmessageat the [th iteration is definedas

LY. = logte=O Lepe. The LIRS Ley. Loy, and Ly,
are defined analogously Using LLRs gives an equialent

representatiorof the full graph message-passinglgorithm.
Equations(3)-(6) can be rewritten as

th, = Y =+ Y L)
reN,(x) c¢’ENc(z)\c
L., LY

tanh( 5 ) = (-0° [ tanh(%) (10)

z'€N(c)\z

L, = >, + > i
cEN.(x) €N (z)\r

LV, = F(LY eN@r)\a), (12)

The update for measureddata-to-ariable messagesas no
closed form when representedusing LLRs. The “tanh”
rule [14] cannotbe appliedto (6) since the measureddata
nodes are not binary-valued. Equation (12) representsthe
measureddata-to-ariable messageupdatevia a function F
which performsthe appropriatecomputation.

Let ff,”(x) bethepdf of thecorrectmessagérom avariable
nodeto a checknodeat thelth roundof message-passinghis
pdf is evolved through(9)-(12). The evolution of the density
functionsthrough(9) and(11) aresimplecorvolutionsandcan
be implementedefficiently using the fast Fourier transform.
Density evolution for (10) can be implementedusing the
changein measuredescribedin [12] or more efficiently by
usingatable-lookupasexplainedin [15]. For densityevolution
through (12) Monte Carlo simulations are used; message-
passingis performedon the channel graph using a long
block length and the pdf of the outgoingmessage$rom the
measurediatanodesis approximatediy usingthe histogram
of computedmessa%es

After evolvmg fL ) through (9)-(12), f(l+1 (x) is ob-
tained.Using f{'" ( x), the error probability at the (I + 1)th
iteration, pf?““ ) canbe computedas

0
Py = / FOD (@) da
—o0

(13)



The noisetolerancethreshold,§*, canbe calculatedas the
supremumof all § for which the error probability goesto
zero as the iterationsprogress.Table Il shows the computed
thresholddor regular LDPC codesof differentrates.Thenoise
tolerancethresholdis the varianceof the AWGN. The SNR
is calculatedasin (8) exceptthat the rate of the codeis not
taken into account.lt shouldbe notedthatto compensatéor
thelossin densitydueto errorcorrectioncodingthe bits need
to be stacled closer leadingto increased SI. This effect is
not takeninto accountduring the calculationof the thresholds
for the differentrate codes.

TABLE I
NOISE TOLERANCE THRESHOLDSFOR THE TWODOS CHANNEL.

LDPC | Code | Threshold| Threshold
Code | Rate o2 SNR[dB]
3.3) 0.000 0.0670 1.6070
3.4 0.250 0.0436 3.4729
3,5 0.400 0.0283 5.3499
(3,6) 0.500 0.0215 6.5433
3,9 0.667 0.0140 8.4064
(3,12) | 0.750 0.0117 9.1859
(3,15) | 0.800 0.0103 9.7393
(3,30) | 0.900 0.0061 12.0144
(3,60) | 0.950 0.0035 14.4270
(3,90) | 0.967 0.0030 15.0965

(3,120) | 0.975| 0.0027 15.5541

(3,150) | 0.980 0.0025 15.8883

In proving the existenceof thresholdfor memorylesshan-
nels the crucial innovation of Richardsonand Urbanle [12]
wasthe “concentratiorresults’. Theseresultsstatethat asthe
block length tendsto infinity the performanceof the LDPC
decoderon randomgraphscorvergesto its expectedbehaior
and that the expectedbehaior can be determinedfrom the
correspondingycle-freebehaior. Kavg€ic et al., [13] extended
theseconcentratiomesultsto one-dimensionalSI channeldy
using LDPC cosetcodes.

For 2D ISI channelsthe concentratiorresultsdo not hold
since the channelgraph has short cycles even in the limit
of infinitely long block length. Henceexistenceof thresholds
cannotbe proved using the concentratioranalysis.However,
our simulationsseemto suggesthat for the TwoDOS channel
the full graph algorithm respectsthe thresholdscomputed
using density evolution. Simulationsfor long block lengths
(~2x105) shav that very low bit error rates (~10~5) are
obtainedonly when the noise varianceis smaller than the
threshold. Although this doesnot prove the existenceof a
threshold,it suggeststhat the noise tolerancethresholdsof
Tablell areupperboundson the performancef thefull graph
algorithm. Besidesthat, the thresholdsalso serne asa design
parametergiven a systemwith a specifiedSNRIit is sufficient
to pick anLDPC codehaving a smallerthresholdSNR thereby
ensuringthat the bit-error rate can be madearbitrarily small
asthe block lengthincreases.

V. CONCLUSION

A message-passifgasedschemdor joint equalizatiorand
decodingfor nonlineartwo-dimensionalintersymbolinterfer

encechannelshasbeenproposedThe schemegalledthe full

graphalgorithm, performssum-producimessage-passiran a
joint graphof the error correctioncodeandthe channel.The
compleity of the full graphalgorithmis linear in the block
lengthof the error correctioncodeandquadraticin the size of
interferenceneighborhoodThe performanceof the algorithm
is studiedfor the two-dimensionaloptical storageparadigm.
Simulations for the nonlinear channel model of TwoDOS
shaw significantimprovementover uncodedoberformanceThe
performancas about8 dB betterthanthatreportedoy Immink
et al., [9] for the samelSI. Using density evolution noise
tolerancethresholdsfor the full graph algorithm are also
computed.
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