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Abstract— An algorithm that performs joint equalization and
decoding for channels with nonlinear two-dimensional inter-
symbol interfer ence is presented.The algorithm performs sum-
product message-passingon a factor graph that representsthe
underlying system. The two-dimensional optical storage (Two-
DOS) technology is an example of a system with nonlinear
two-dimensional intersymbol interfer ence. Simulations for the
nonlinear channel model of TwoDOS show significant impr ove-
ment in performanceover uncodedperformance.Noisetolerance
thr esholds for the TwoDOS channel computed using density
evolution are also presented.

I . INTRODUCTION

Two-dimensional(2D) intersymbolinterference(ISI) chan-
nels have received a lot of attention lately. This is mainly
due to the fact that researchfocus in the storageindustry is
shifting towardsdeveloping a two-dimensionalparadigmfor
storage.Currentstoragetechnologiesarerestrictedby physical
limits which will prevent them from keeping up with the
ever increasingdemandsfor datastorage.This hasprompted
the development of technologiesthat employ novel tech-
niquesfor datastorage.Patternedmagneticmedia, in which
information is stored in isolated single grain islands,make
areal densitiesof the order of
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feasible,which

is far beyond the limits of conventionalmagneticrecording.
Holographicstorage,page-orientedoptical memories,andthe
two-dimensionaloptical storage(TwoDOS) technology are
potential optical storagetechnologiesof the future. Due to
the two-dimensionalnatureof storage,theseadvancedstorage
technologieshave 2D ISI during the readbackprocess.Con-
ventionalrecordingtechnologieslike magneticharddisksand
DVDs have one-dimensionalISI for which partial response
maximum-likelihooddecodinghasbeenhighly successful.Ex-
tendingPRML to two dimensionsis not straightforwardsince
maximum-likelihooddecodingin two-dimensionsis computa-
tionally infeasible.This motivatestheneedfor new methodsto
combat2D ISI. Besidesadvancedstoragetechnologies,multi-
user communicationscenarios,like cellular communication,
alsohave situationswhere2D ISI is prevalent.

Detectionschemesfor 2D ISI channelshave beenproposed
by many researchers[1]-[5]. Singla et al., [6], [7] have
proposedjoint equalizationanddecodingschemesfor 2D ISI
channelsandhave shown the benefitof usingerror-correction
codingin conjunctionwith detection.More oftenthannot, the
ISI is modeledasa linearfilter. Althoughagoodstartingpoint,

the linearity assumptiondoesn’t hold in general.TwoDOS is
an exampleof a systemwherethe ISI is nonlinear.

TwoDOSis, potentially, the next generationoptical storage
technologywith projectedstoragecapacitytwice that of the
blu-ray disk and with ten times fasterdata accessrates[8],
[9]. As in conventional optical disk recording, bits in the
TwoDOS model are written on the disk in spiral tracks.
However, insteadof having a single row of bit cells, each
track consists of a number of bit rows stacked together.
Thus,TwoDOS is a truly two-dimensionalstorageparadigm.
Successive trackson the disk are separatedby a guardband
which consistsof oneemptybit row. In addition,the bit cells
are hexagonal;this allows 15 percenthigher packingdensity
than rectangularbit cells leading to higher storagecapacity.
As in conventionalopticaldisk recording,a 0/1 is represented
by the absence/presenceof a pit on the disk surface.A scalar
diffractionmodelproposedby Coene[8] for optical recording
is usedto model the readbacksignal from the disk. Under
this modelthe readbackintensityfrom the disk haslinear and
bilinear contributionsfrom the storeddata.

Various detection schemesfor TwoDOS have been pro-
posed [9]-[11]. Theseschemes,with the exception of that
proposedby Immink et al., [9], use two-dimensionalpartial
responseequalizationto obtain a linear channelmodel for
the ISI. Then, equalizationmethods like minimum mean-
squared-errorequalization,areusedfor detectionon this linear
channelmodel. Since partial responseequalizationleads to
noisecorrelationthereis aninherentlossassociatedwith these
schemes.Thus, it is prudentto searchfor decodingschemes
thatavoid partialresponseequalizationandaredesignedtaking
into account the nonlinear structureof the ISI. Immink et
al., [9] proposeusing a stripe-wiseViterbi detectorthat is
designedfor the nonlinearISI. However, they did not employ
any error correctioncoding.

In thispaper, a low-complexity schemefor joint equalization
anddecodingfor nonlinear2D ISI channelsis presented.The
schemewasfirst proposedfor linear 2D ISI channels[6] and
has been appropriatelymodified for the nonlinear channel.
This scheme,called the full graph scheme,performs sum-
productmessage-passingon a joint graphthat representsthe
error-correctioncodeandthe nonlinear2D ISI channel.Low-
density parity-check(LDPC) codes[12] are used for error
correction.Simulationsfor the nonlinear channelmodel of



TwoDOS demonstratethe potential of using the full graph
scheme.Significant improvementin performanceis observed
over uncodedperformance.Noise tolerance thresholdsare
calculatedfor regular LDPC codesof different ratesand full
graphdecodingfor the nonlinear2D ISI channel.

The paper is organized as follows. The model of the
systemand the channelmodel for TwoDOS is describedin
SectionII. The full graphmessage-passingalgorithm and its
performancefor TwoDOS are presentedin SectionIII. The
densityevolution algorithmandthe noisetolerancethresholds
arepresentedin SectionIV. SectionV concludesthe paper.

I I . SYSTEM MODEL

The systemis modeledas a discrete-timecommunication
systemgovernedby the following equation;
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Here,��� 	��$��� is thedatareceivedat theoutputof thechannel. )�$# �
%'� are the channelinputs,obtainedby encodingthe user
data using an error correctioncode. The user data and the
encodeddataareassumedto be binary. LDPC codesareused
for error correction.

5 � 	��$��� are samplesof additive white
Gaussiannoise(AWGN) with zeromeanandvariance8 � . +9,/.
is the set of indicesof all the bits that interferewith  )� 	������
during readbackand

� ��: � is the function that encapsulatesthe
nonlinear2D interference.

For TwoDOS, a scalardiffraction model proposedby Co-
ene [8] for optical recordingis usedto model the readback
signal.Usingthemodel,thereadbacksignal(optical intensity)
from the disk is
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where D ��# �
%
� and
N ��# �
%
O'PQ�$�R� are respectively the linear and

nonlinear ISI coefficients. Thesecoefficients dependon the
parametersof the optical system, such as the wavelength
of the laser, numerical apertureof the readbacklens and
geometryof the recording (pit and track dimensions).The
extent of the interferenceis limited by the spot size of the
laserusedfor reading.For low-to-moderatestoragedensities
this leads to interferencefrom the nearestneighborsonly,
whereas,for high storagedensities(twice that of the blu-
ray disk) the interferencefrom bits in the other ’shells’ also
becomessignificant[8].

Using a nearestneighbor interferencemodel, the signal
intensity in (2) dependson the databit storedin the central
bit cell and the 6 neighboring bit cells. If it is assumed
that two configurationswith the samecentral bit and same
number of nonzero neighborshave identical signal values
then the signal intensity takes on 14 valuescorrespondingto
the 14 different configurations.Fig. 1 shows four of these
14 configurations.As shown by Coene[8], this symmetry

assumptionis a good approximation.Table I lists the signal
levels for the 14 differentconfigurations.

Fig. 1. Four of thepossible14 nearestneighborconfigurationsfor TwoDOS.
Thedarkcirclesin thecellsdepicta pit correspondingto a stored1. Absence
of a pit indicatesa stored0. The pits cover only abouthalf the areaof the
hexagonalbit cells. This is doneto reducesignal folding [8].

TABLE I

SIGNAL LEVELS FOR TWODOS RECORDING USING SCALAR DIFFRACTION

MODEL AND NEAREST NEIGHBORS. (REPRODUCED FROM [8] )

Nonzero Central Central
neighbors(n) bit=0 S@T&U�V�W bit=1 SFT
U�X�W

0 0.95 0.50
1 0.80 0.35
2 0.70 0.30
3 0.55 0.20
4 0.45 0.15
5 0.35 0.10
6 0.25 0.05

This table is reproducedfrom [8] and correspondsto
TwoDOSrecordingwith hexagonallattice parameterandpit-
hole diameter equal to 165 nm and 120 nm, respectively.
Using theseparametersgives TwoDOS a 1.4 fold increase
in storagedensityover the blu-ray disc.Looking at the table,
the nonlinearityof the ISI is quite apparent;the signal level
doesnot changelinearly as the numberof nonzeroneighbors
increasesand the rangewhen the centralbit is a 0 is greater
than when the centralbit is 1. Similar to Immink et al., [9]
the signal levels in Table I take into accountthe interference
from theoutershells(beyondthenearestneighbors)by taking
an averageacrossall the bit-patternsin theseshells.

I I I . FULL GRAPH MESSAGE-PASSING ALGORITHM

Thefull graphalgorithmcomputesapproximateAPPsof the
codeword bits given the observationsby performingmessage-
passingon a factorgraphrepresentingthe underlyingsystem.
This “full graph” has three types of nodes;variable nodes,
checknodes,and measureddatanodescorrespondingto the
codeword bits, the parity-checkequations,and the observed
data symbols,respectively. The upper two levels in the full
graphrepresentthe LDPC codebipartite graphshowing how
the codeword bits are connectedto the check nodes via
the LDPC code parity-checkmatrix. The lower two levels
representthe channelISI graphshowing how the ISI induces
dependenciesbetweenthe codeword bits. Fig. 2 shows an il-
lustrationof thefull graphwherenearestneighborinterference
is assumed.

Message-passingon this full graphis performedusing the
following schedule:variable nodes to check nodes, check
nodesto variablenodes,variablenodesto measureddatanodes
andfinally measureddatanodesto variablenodes.Following is
abrief descriptionof how themessagesareupdatedfor eachof



Fig. 2. Factorgraphrepresentationof the TwoDOSsystem.

the aforementionedfour stepsfor the sum-productalgorithm.
The messagesin the updateequationsareprobabilities.
Variable-to-check messages:The messagefrom a variable
node Y to a check node Z at the [ th iteration is calculated
using the messagespassedto Y from its neighboringcheck
andmeasureddatanodesat the \$[E]_^�` th iteration.

aRb@c de�fhg \�ij`lk m n�o1p"q b e d
aRb@c�r�stdn fue \vi�` g�w oMpRx b e d�y g

a bFc�r�stdg w fze \vi�`
a b@c de�fhg \H^�`lk m n�o1p q b e d

a b@c�r�stdn fue \{^2` g w oMp x b e d�y g
a bFc�r�stdg w fze \{^2`$| (3)

where a b@c}de
fzg \�~�` , a b@c dn fze \�~v` , and a b@c dg'fue \�~v` are respectively, the
variable-to-check,measureddata-to-variable, and check-to-
variablemessagesat the [ th iteration. � g \/Y"` and � n \/Y)` arethe
neighboringcheckandmeasureddatanodesof Y respectively,
and m is a normalizingconstant.
Check-to-variable messages:At the [ th iteration the check-
to-variablemessagesarecalculatedusingthevariable-to-check
messagesat the [ th iterationand the sum-productrule,
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where ��\$Z�` are the variablenodesconnectedto checknodeZ .
Variable-to-measured data messages: The variable-to-
measureddatamessagesat the [ th iterationarecalculatedusing
the messagesreceived at the variable nodesfrom the check
nodesat the [ th iteration and from the measureddatanodes
at the \$[E]_^�` th iteration,

a b@c de
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a b@c}dg'fze \vi�` n w o1p"q b e d�y n
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a b@c}dg'fze \{^2` n w o1p q b e d�y n
a b@c�r�s�dn w@fze \{^�`�� (5)

Measured data-to-variable messages:To completeoneitera-
tion, themeasureddata-to-variablemessagesat the [ th iteration
arecomputedusingthevariable-to-measureddatamessagesat
the [ th iterationand the sum-productrule,

a bFc dn fze \vij`lk m � e w�� e w o1p b n dty e��
� \/��� Y�kQi�|&��Yj�
�2`�~

~ e w oMp b n d�y e
a b@c de w f n \/Yj��`

aRbFc dn fze \{^�`lk m � e w � e w o1p b n dty e��
� \/��� Y�k�^�|&��Y � �2`�~

~ e w oMp b n d�y e
a b@c de1w f n \/Yj��`�� (6)

��\���` is the set of all variablenodesconnectedto measured
data node � . The conditional probabilitiesabove are values
of a Gaussianprobability densityfunction. The meanof this
probability densityfunction is determinedby the signal levels
givenin TableI andthevarianceis equalto thenoisevariance.

After this stepthe “pseudo-posterior”probabilitiesarecal-
culated using the messagesfrom the check nodesand the
measureddatanodes,

� bFc de \vi�`lk m n&o1p�q b e d
a b@c dn fze \�ij` g o1pRx b e d

a b@c dg'fue \vi�`
��bFc de \{^2`lk m n&o1p�q b e d

aRb@c dn fze \H^�` g o1pRx b e d
aRb@c dg'fue \{^2`$� (7)

The codeword estimate is obtained by setting �Y to 1 if� b@c de \H^�`�� � bFc de \vi�` and 0 otherwise.The decodingstopsif the
decoderconvergesto a codeword or a maximumnumberof
iterationsis exhausted.The complexity of the full graphalgo-
rithm is linear in the LDPC codeblock length and quadratic
in the sizeof the interferingneighborhood.

Resultsof using full graph message-passingfor the Two-
DOS channelmodel of (2) and Table I are shown in Fig. 3.
The LDPC codeusedis a block length10000,regular (3,30)
code.This high-ratecodeis chosenso asto addonly a small
numberof redundantparity bits. TheSNR( ���
�
��� ) is defined
as the averagesignalenergy divided by the noisepower;
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where © § « / © § ­ is the signal level given that the centralbit is
a 0/1 andhas ± nonzeroneighborsand � is the LDPC code
rate.From right to left the curves in Fig. 3 are; the uncoded
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Fig. 3. Resultsof using the full graphmessage-passingalgorithm for the
TwoDOSrecordingmodelgiven by (2) andTableI.

performance,the performanceof the full graph message-
passingalgorithmfor amaximumof 1, 2, 3, 4, and5 iterations.
Thenumberof iterationsis kept low soasto reducedecoding
delay. As thecurvesshow, the improvementin performanceis
quite significant.The performanceof the full graphalgorithm
after 5 iterationsis about 8 dB better (at a bit error rate of���j²E³

) than the performancereportedin [9], where a stripe-
wise Viterbi detectoris usedfor the sameISI.

For the resultsshown here the full graph algorithm only
takesinto accountthe ISI from the nearestneighbors.Includ-
ing the interferencefrom the other shells, though computa-
tionally expensive, canstill be accomplishedat a significantly
lower cost than the stripe-wise Viterbi detector where the
complexity increasesexponentially. Immink et al., [9] have
proposedthe use of modulation coding to eliminate data
patternsthat severely degradethe performanceof the stripe-
wise Viterbi detector. Furthermore,they have incorporated
the modulationcode and detectioninto a Bliss-like scheme.
The modulation code can be incorporatedseamlesslyinto
our systemmodel; the modulationcode can be represented
graphicallyand will add anotherlevel to the full graph.The
connectionsof this subgraphwill differ dependingon whether
the modulationcode is incorporatedin the usual way (after
the LDPC encoder)or usedin a Bliss-like scheme.We have
not yet studiedthe performanceof sucha system.

IV. DENSITY EVOLUTION AND THRESHOLD

COMPUTATION

For many channelsand decodersof interest,LDPC codes
exhibit a thresholdphenomenon[12]; there exists a critical
value of the channel parameter(noise tolerancethreshold,
say ´�µ ) such that an arbitrarily small bit error probability
can be achieved if the noise level ( ´ ) is smaller than ´�µ
and the code length is long enough.On the other hand, for´·¶¸´�µ the probability of bit error is larger than a positive

constant.RichardsonandUrbanke[12] developedanalgorithm
called density evolution for iteratively calculating message
densities,enabling the determinationof the aforementioned
threshold.Kavčić et al., [13] extendedthework of Richardson
and Urbanke to computenoise tolerancethresholdsfor one-
dimensionalISI channels.

Usingadensityevolutionsimilar to thatproposedby Kavčić
et al., [13] noise tolerancethresholdsare computedfor the
full graph algorithm and the nonlinear TwoDOS channel.
Following is a brief description of the algorithm. Density
evolution tracks the “evolution” of the probability density
function(pdf) of correct(or incorrect)messagespassedon the
graphastheiterationsprogress.Densityevolution is described
more conveniently using log-likelihood ratios (LLR) instead
of probabilitiesto representthe messages.The LLR for the
variable-to-checkmessagesat the
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th iteration is definedas¹ >FB Cº
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are defined analogously. Using LLRs gives an equivalent
representationof the full graph message-passingalgorithm.
Equations(3)-(6) canbe rewritten as
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The update for measureddata-to-variable messageshas no
closed form when representedusing LLRs. The “tanh”
rule [14] cannot be applied to (6) since the measureddata
nodes are not binary-valued. Equation (12) representsthe
measureddata-to-variable messageupdatevia a function

Ö
which performsthe appropriatecomputation.

Let Û >@B CÜ �� � bethepdf of thecorrectmessagefrom a variable
nodeto a checknodeat the

%
th roundof message-passing.This

pdf is evolved through(9)-(12). The evolution of the density
functionsthrough(9) and(11)aresimpleconvolutionsandcan
be implementedefficiently using the fast Fourier transform.
Density evolution for (10) can be implementedusing the
changein measuredescribedin [12] or more efficiently by
usinga table-lookupasexplainedin [15]. For densityevolution
through (12) Monte Carlo simulations are used; message-
passing is performed on the channel graph using a long
block length and the pdf of the outgoingmessagesfrom the
measureddatanodesis approximatedby using the histogram
of computedmessages.

After evolving Û >@B CÜ �� � through (9)-(12), Û >@B Ý � CÜ �/ � is ob-
tained.Using Û >@B}Ý � CÜ �� � , the error probability at the � %�3_���

th
iteration, Þ >@B Ý � Cß , canbe computedas
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The noisetolerancethreshold,́ µ , canbe calculatedas the
supremumof all ´ for which the error probability goes to
zero as the iterationsprogress.Table II shows the computed
thresholdsfor regularLDPC codesof differentrates.Thenoise
tolerancethresholdis the varianceof the AWGN. The SNR
is calculatedas in (8) except that the rate of the codeis not
taken into account.It shouldbe notedthat to compensatefor
the lossin densitydueto error-correctioncodingthebits need
to be stacked closer, leading to increasedISI. This effect is
not taken into accountduring the calculationof the thresholds
for the different ratecodes.

TABLE II

NOISE TOLERANCE THRESHOLDS FOR THE TWODOS CHANNEL .

LDPC Code Threshold Threshold
Code Rate â�ãä SNR [dB]
(3,3) 0.000 0.0670 1.6070
(3,4) 0.250 0.0436 3.4729
(3,5) 0.400 0.0283 5.3499
(3,6) 0.500 0.0215 6.5433
(3,9) 0.667 0.0140 8.4064
(3,12) 0.750 0.0117 9.1859
(3,15) 0.800 0.0103 9.7393
(3,30) 0.900 0.0061 12.0144
(3,60) 0.950 0.0035 14.4270
(3,90) 0.967 0.0030 15.0965
(3,120) 0.975 0.0027 15.5541
(3,150) 0.980 0.0025 15.8883

In proving theexistenceof thresholdsfor memorylesschan-
nels the crucial innovation of Richardsonand Urbanke [12]
wasthe “concentrationresults.” Theseresultsstatethat asthe
block length tendsto infinity the performanceof the LDPC
decoderon randomgraphsconvergesto its expectedbehavior
and that the expectedbehavior can be determinedfrom the
correspondingcycle-freebehavior. Kavčić et al., [13] extended
theseconcentrationresultsto one-dimensionalISI channelsby
usingLDPC cosetcodes.

For 2D ISI channelsthe concentrationresultsdo not hold
since the channelgraph has short cycles even in the limit
of infinitely long block length.Henceexistenceof thresholds
cannotbe proved using the concentrationanalysis.However,
our simulationsseemto suggestthat for theTwoDOSchannel
the full graph algorithm respectsthe thresholdscomputed
using density evolution. Simulationsfor long block lengths
( å ÔÙæR����³ ) show that very low bit error rates ( å ���j²E³ ) are
obtainedonly when the noise variance is smaller than the
threshold.Although this does not prove the existenceof a
threshold,it suggeststhat the noise tolerancethresholdsof
TableII areupperboundson theperformanceof thefull graph
algorithm.Besidesthat, the thresholdsalso serve asa design
parameter;givena systemwith a specifiedSNRit is sufficient
to pick anLDPC codehaving a smallerthresholdSNRthereby
ensuringthat the bit-error rate can be madearbitrarily small
as the block length increases.

V. CONCLUSION

A message-passingbasedschemefor joint equalizationand
decodingfor nonlineartwo-dimensionalintersymbolinterfer-

encechannelshasbeenproposed.The scheme,calledthe full
graphalgorithm,performssum-productmessage-passingon a
joint graphof the error correctioncodeand the channel.The
complexity of the full graphalgorithm is linear in the block
lengthof theerrorcorrectioncodeandquadraticin thesizeof
interferenceneighborhood.The performanceof the algorithm
is studiedfor the two-dimensionaloptical storageparadigm.
Simulations for the nonlinear channel model of TwoDOS
show significantimprovementover uncodedperformance.The
performanceis about8 dB betterthanthatreportedby Immink
et al., [9] for the sameISI. Using density evolution noise
tolerance thresholdsfor the full graph algorithm are also
computed.

VI . ACKNOWLEDGMENT

The authorswould like to thank the reviewers for their
helpful suggestions.This work was supportedby the Office
of Naval ResearchunderAward N00014-03-1-0110.

REFERENCES

[1] K. M. Chugg, X. Chen, and M. A. Neifeld, “Two-dimensional
equalizationin coherentandincoherentpage-orientedoptical memory,”
J. Opt. Soc. Amer. A, vol. 16, pp. 549-562,Mar. 1999.

[2] P. S. Kumar and S. Roy, “Two-dimensionalequalization:theory and
applicationto high densitymagneticrecording,” IEEE Trans. Comm.,
vol. 42, pp. 386-395,Feb. 1994.

[3] M. Marrow and J. K. Wolf, “Iterative detection of 2-dimensional
channels,” IEEE Info. Theory Workshop, Paris, France,Mar. 2003.

[4] O. Shental,A. J. Weiss,N. Shental,andY. Weiss, “Generalizedbelief
propagationreceiver for near-optimal detection of two-dimensional
channelswith memory,” IEEE Info. Theory Workshop, San Antonio,
Texas,Oct. 2004.

[5] W. WeeksIV, “Full surfacedatastorage,” Ph.D. thesis,University of
Illinois at Urbana-Champaign,1996.

[6] N. Singla,J.A. O’Sullivan,R. S. Indeck,andY. Wu, “Iterative decoding
and equalizationfor 2-D recording channels,” IEEE Trans. Magn.,
vol. 38, pp. 2328-2330,Sept.2002.

[7] Y. Wu, J.A. O’Sullivan,R. S. Indeck,andN. Singla.“Iterative detection
and decodingfor separabletwo-dimensionalintersymbolinterference,”
IEEE Trans. on Magn., 39(4):2115–2120,July 2003.

[8] W. M. J. Coene,“Nonlinear signal-processingmodel for scalardiffrac-
tion in optical recording,” Appl. Opt. , vol. 42, No. 32, Nov. 2003.

[9] A. H. J. Immink et al., “Signal processingand coding for two-
dimensionaloptical storage,” Proc. GlobeComm., Piscataway, New
Jersey, 2003.

[10] A. Moinian, L. Fagoonee,B. Honary, and W. Coene, “Linear channel
model for multilevel two dimensionaloptical storage,” Proc. 7th Intl.
Symp. Comm. Theory and Applications, pp. 352-356,Ambleside,Lake
District, UK, July 2003.

[11] J. Riani, J. W. M. Bergmans,S. J. L. v. Beneden,W. M. J. Coene,
and A. H. J. Immink, “Equalizationand target responseoptimization
for high densitytwo-dimensionaloptical storage,” Proc. 24th Symp. on
Info. Theory in the Benelux, pp. 141-148,May 2003.

[12] T. Richardsonand R. Urbanke, “The capacityof low-density parity-
check codesunder message-passingdecoding,” IEEE Trans. on In-
form. Theory, vol. 47, pp. 599-618,Feb. 2001.
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