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Abstract

An algorithmthat performsjoint equalizationanddecodingfor nonlineartwo-dimensionalntersym-
bol interferencechannelds presentedThe algorithm performssum-productnessage-passiran a factor
graphthatrepresentshe underlyingsystem.Thetwo-dimensionabptical storagg( TWODOS)technology
is an example of a systemwith nonlineartwo-dimensionalintersymbolinterference.Simulationsfor
the nonlinearchannelmodel of TWODOS shaw significantimprovementin performanceover uncoded
performanceNoise tolerancethresholdsfor the algorithm for the TWODOS channel,computedusing
densityevolution, are also presentedcand accuratelypredictthe limiting performanceof the algorithmas

the codevord lengthincreases.

Index Terms. Low-densityparity-checkcodesppticalstorage sum-productlgorithm, TWODOS, two-dimensional

intersymbolinterference.

. INTRODUCTION

Two-dimensional(2D) intersymbolinterference(ISI) channelshave receved a lot of attentionlately. This is
mainly due to the fact that researchfocus in storageis shifting towards developing a two-dimensionalstorage
paradigm.Although conventional recording media like magnetichard disks and DVDs use planar storage,the
seconddimensionis utilized only loosely Significantincreasan storagedensitycanbe obtainedby moving towards
truly two-dimensionaktorage Patternedmagneticmedia[1], holographicstorage[2], and two-dimensionabptical
storage[3], [4] (TWODOS) are examplesof upcomingtechnologieghat use a two-dimensionaktorageparadigm
andpromiseterabitstoragedensityat high datarates.Due to the two-dimensionahatureof storagetheseadvanced
storagetechnologiehave 2D ISI duringthereadbackprocessCorventionalmethoddik e partial responsenaximum-
likelihood decoding,that have proved very successfulfor one-dimensionalS| channels,do not extend to two
dimensions.This motivatesthe needfor new methodsto combat2D ISI. Besidesadvancedstoragetechnologies,

multi-usercommunicationscenarios|ike cellular communicationalso have situationswhere2D ISI is prevalent.
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Several detection(or equalization)algorithmsfor 2D ISI channelshave beenproposed[5-11]. Someof these
algorithms are basedon linear minimum mean-square-errofMMSE) equalization;the MMSE equalizationis
followed by (soft or hard)thresholdingand may iteratebetweenequalizationandthresholding Othersare basedon
multi-track versionsof the Viterbi or BCJRalgorithmaccompaniedby decisionfeedbackSinglaet al., [11-14] have
proposedoint equalizationand decodingschemedor 2D ISI channelsand have shovn the benefitof using error
control codingin conjunctionwith detection.More often thannot, the ISI is modeledasa linear filter. Although a
good startingpoint, the linearity assumptiordoesnt hold in genera. TWODOS is an exampleof a systemwhere
the IS is nonlinear

TWODOS is, potentially the next generationoptical storagetechnologywith projectedstoragecapacitytwice
thatof the blu-ray disk andwith tentimesfasterdataaccessates[3], [4]. As in corventionaloptical disk recording,
bits in the TWODOS model are written on the disk in spiral tracks. However, insteadof having a single row of
bit cells, eachtrack consistsof a numberof bit rows stacked togethermaking TWODOS a truly two-dimensional
storageparadigm.Successie tracks on the disk are separatedy a guardbandwhich consistsof one empty bit
row. In addition, the bit cells are hexagonal;this allows 15 percenthigher packing density than rectangularbit
cells leadingto even higher storagecapacity As in corventional optical disk recording,a 0/1 is representedy
the absence/presenad a pit on the disk surface.A scalardiffraction model proposedby Coene[3] for optical
recordingis usedto modelthe readbacksignal from the disk. Under this model the readbackintensity from the
disk haslinear and bilinear contributionsfrom the storeddatabits.

Various detectionschemesor TWODOS have beenproposed[15-17]. Theseschemeswith the exception of
Immink et al., [15], usetwo-dimensionalpartial responseequalizationto obtain a linear channelmodel for the
ISI. Then,equalizationmethods]ike MMSE equalizationare usedfor detectionon this linearizedchannelmodel.
Sincepartialresponsequalizationeadsto noisecorrelationthereis aninherentlossassociatedvith theseschemes.
Thus, it is prudentto searchfor decodingschemeghat avoid partial responseequalizationand are designedaking
into accountthe nonlinearstructureof the ISI. Immink et al., [15] proposeusing a stripe-wiseViterbi detector
that is designedfor the nonlinearISI. Chugget al., also proposedequalizationschemesfor nonlinear2D IS
channeld5], [6]. However, neitherof the aforementionedgchemesmployed error control coding.

In this paper a low-complexity schemefor joint equalizationand decodingfor nonlinear2D ISI channelsis
presentedThe schemewasfirst proposedor linear 2D ISI channelg12] and hasbeenappropriatelymodified for
the nonlinearchannel.This schemecalledthe full graphschemeperformssum-productmessage-passiran a joint
graphthat representghe error control code and the nonlinear2D ISI channel.Low-density parity-check(LDPC)
codes[18] are usedfor error correction.Simulationsfor the nonlinearchannelmodel of TWODOS demonstrate
the potential of using the full graph scheme Significantimprovementin performancels obsened over uncoded
performanceNoise tolerancethresholdsare calculatedfor regular LDPC codesof differentratesand sum-product
decodingfor the nonlinear2D ISI channel We notethat othershave alsoproposednessage-passifgasedschemes

for joint equalizationand decodingfor a wide variety of channeldik e the fadingchannel[19] and partial response
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channelq20], [21].

The paperis organizedas follows. The systemmodel and the channelmodel for TWODOS is describedin
Sectionll. Thefull graphmessage-passiradgorithmandits performancdor TWODOSarepresentedn Sectionlll.
The densityevolution algorithmandthe noisetolerancethresholdsare presentedn SectionlV. SectionV concludes

the paper

[I. SYSTEM MODEL

The systemis modeledas a discrete-timecommunicationsystem;

r(i, ) = h({z(k,1) : (k,1)eN;;}) + w(i, 5), (@H)

wherer(i, j) arethe datarecevedat the outputof the channel;z(k, [) arethe channelinputs,obtainedby encoding
the userdatawith an error control code;w(i, j) are samplesof additive white Gaussiamoise (AWGN) with zero
meanand variances? and are assumedo be independentf z(k, 1); N;; is the setof indicesof all the bits that
interferewith x(4, j) during readbackijncluding z(i, j); andh(-) is the function that encapsulatethe nonlinear2D
ISI. The userdataandthe encodeddataare assumedo be binary. LDPC codesare usedfor error correction.

For TWODOS, a scalardiffraction model proposedby Coene[3] for optical recordingis usedto model the

readbacksignal. Using the model, the readbacksignal (optical intensity) from the disk can be written as

T(77.7) =1- Zplj(kvl)T(k7])+ Z (1”(:1(',[,m,ﬂ)T(k‘,])T(Tn,’n) +7U(7:,j), 2)
(k,0) (k,l)#(m,n)

where ¢;;(k,1) and d;;(k,1;m,n) are the linear and nonlinearIS| coeficients, respectiely. Thesecoeficients
dependon the parameterf the optical system,such as the wavelengthof the laser numericalapertureof the
readbackensandgeometryof the recording(pit andtrack dimensions)The extent of the interferences limited by
the spotsize of the readlaser Typically, this restrictsthe interferenceto nearestneighborsonly. As shavn in [3]
this assumptioris quite accurate.

Usinga nearesheighborinterferencenodel,the signalintensityin (2) depend®n the databit storedin thecentral
bit cell andthe 6 neighboringbit cells. If it is assumedhat two configurationswith the samecentralbit and same
numberof nonzeroneighborshave identicalsignalvaluesthenthe signalintensitytakeson 14 valuescorresponding
to the 14 differentconfigurationsAs shawn in [3], this symmetryassumptions a goodapproximationFig. 1 shavs
four of thesel4 configurations.

Tablel lists the signallevels for the 14 differentconfigurationsfor one choiceof pit dimensionsand laserspot
size.This tableis reproducedrom [3]. Looking at the table,the nonlinearityof the ISI is quite apparentthe signal
level doesnot changelinearly asthe numberof nonzeroneighborsincreasesandthe rangewhenthe centralbit is

a 0 is greaterthanwhenthe centralbit is 1.
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Fig. 1. Four of the possible 14 nearestneighborconfigurationsfor TWODQOS. The dark circles in the cells depict a pit
correspondingdo a stored1. Absenceof a pit indicatesa stored0. The pits cover only abouthalf the areaof the hexagonalbit

cells. This is doneto reducesignalfolding [3].

TABLE |

SIGNAL LEVELS FOR TWODOS RECORDING USING NEAREST NEIGHBORS INTERFERENCE. (REPRODUCED FROM [3])

Nonzero Central Central
neighbors(n) | bit=0 (sn,) | bit=1 (sx,)
0 0.95 0.50
1 0.80 0.35
2 0.70 0.30
3 0.55 0.20
4 0.45 0.15
5 0.35 0.10
6 0.25 0.05

1. FULL GRAPH MESSAGE-PASSING ALGORITHM

The decoderusesthe sum-productalgorithmto computethe maximuma posteriori probability estimateof the

codevord giventhe channebutput. The graphon which thealgorithmoperatesepresentshe following factorization:

p(XR) o p(R|X)P(X)

oc [ plr(i, 9){(k, 1) = (k. )EN (6, 4)})PX), ®3)
(i.3)

whereX andR are matricesrepresentinghe channelinput and channeloutput, respectiely. A/(i, j) is asdefined
previously. P(X) is the probability that X is a codevord of the LDPC code being used.This probability can be
representedraphicallyvia the Tannergraphof the LDPC code[22]. p(R|X) representshe ISI channel.

Fig. 2 shavs anillustration of this factorgraphwherenearesneighborinterferences assumedThis “full graph”
hasthreetypes of nodes:variable nodes,check nodes,and measureddata nodescorrespondingo the codevord
bits, the parity-checkequationsandthe obsened datasymbols,respectiely. The uppertwo levelsin the full graph

representhe LDPC codebipartite graphshaving how the codavord bits are connectedo the checknodesvia the
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LDPC codeparity-checkmatrix. The lower two levels representhe channellSI graphshaving how the ISI induces
dependenciebetweenthe codevord bits. For clarity, connectiondor only one measuredlatanodeare shavn in

the figure.

Fig. 2. Thefull graphdepictingthe factorizationof (3).

Message-passingn this full graphis performedusing the following scheduleof messagesvariable nodesto
checknodes checknodesto variablenodesvariablenodesto measurediatanodesandfinally measurediatanodes
to variablenodes.Following is a brief descriptionof how the messageare updatedfor eachof the aforementioned
four stepsfor the sum-productalgorithm. The message# the updateequationsare probabilities.
Variable-to-check messages: The messagérom avariablenodexz to a checknodec atthelth iterationis calculated

usingthe messagepassedo « from its neighboringcheckand measurediatanodesat the (I — 1)th iteration.

_ -1
.0 = a J[ w&20 I #0200

re€N,(z) c¢’€Nc(z)\e
p1) = a J[ w20 I A4, (4)
r€N,(z) c’€Nc(z)\c

Whereug)_,c(-), uglz(-), andy,gllw(-) are,respectiely, the variable-to-checkmneasurediata-to-ariable ,andcheck-
to-variablemessagest the Ith iteration. N.(z) and N,.(z) arethe neighboringcheckand measurediatanodesof
x respectiely, and « is a normalizingconstant.

Check-to-variable messages: At the ith iterationthe check-to-ariablemessagesare calculatedusing the variable-

to-checkmessagest the (th iteration and the sum-productrule,
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p0..0) = S Pea=0x) [ @)

z’€N(c)\z
i, = S Pllz=1%) ] wul..@) (5)
Xc z’eN(c)\x

whereN (c) arethe variablenodesconnectedo checknodec; x.. arelength| N (c)|—1 binarytuples.The conditional
probabilitiesabove are 0 or 1 dependingon whetherthe parity-checkconstraintat nodec is satisfiedor not.

Variable-to-measured data messages. The variable-to-measuredatamessagest the /th iteration are calculated
usingthe messageseceved at the variablenodesfrom the checknodesat the ith iterationand from the measured

datanodesat the (I — 1)th iteration,

p,0) = o J[ 2.0 [ #i20

cEN(x) r’ €Ny (x)\r
I—
W) = o I w20 JI w22, (6)
cEN¢(x) r’eNyp(z)\r

Measured data-to-variable messages. To completeone iteration, the measuredlata-to-ariable messagest the
Ith iteration are computedusing the variable-to-measuredatamessagest the (th iteration and the sum-product

rule,

=

3

|

=3

e
I

«ptrie =05, o)

pl, (1) = azpﬂxflxr)y;%( /) (7)

N(r) is the setof all variablenodesconnectedo measurediatanoder; %, arelength| N (r)| —1 binarytuples.The

conditionalprobabilitiesabove are valuesof a Gaussiamprobability densityfunction. The meanof this probability

densityfunction is determinedby the signallevels givenin Table| andthe varianceis equalto the noisevariance
2

o~.

After this stepthe “pseudo-posteriorprobabilitiesare calculatedusingthe messagefrom the checknodesand

the measureddatanodes,

@0 = o I 2.0 JI #2.0

re&N.(z) cEN¢(z)
@y = o [ 2.0 J] #.0 (8)
r€Ny(x) cENc(x)

The codavord estimateis obtainedby setting to 1 if ¢\ (1) > qfﬁ(o) and 0 otherwise.The decodingstopsif
the decodercorvergesto a codavord or a maximumnumberof iterationsare exhaustedThe compleity of the full

graphalgorithmis linearin the LDPC codeblock lengthandquadraticin the size of the interferenceneighborhood.
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Fig. 3. Resultsof usingthe full graphmessage-passirajgorithmfor the TWODOSrecordingmodelgiven by (2) andTablel.
The LDPC codeusedis a block length 10000regular (3,30) code.

Resultsof using full graphmessage-passirfgr the TWODOS channelmodel of (2) and Table | are shown in
Fig. 3. The LDPC codeusedis a block length 10000, regular (3,30) code[23]. This high-ratecodeis chosenso
asto addonly a small numberof redundantparity bits. The SNR is definedas the averageenengy in the signal

divided by the noise power;

Yo () (52, +52.)
027 (2Ra?) ’ ©)

where s, (sn,) is the signal level given that the centralbit is a 0(1) and hasn nonzeroneighborsand R is the

SNR = 10log;q

LDPC coderate. From right to left the solid curvesin Fig. 3 correspondo the performanceof the full graphfor
a maximumof 1, 2, 3, 4, and 5 iterations.The numberof iterationsis kept low so asto reducedecodingdelay
The dasheccurvescorrespondo the uncodedperformancenhich is the performancavhenthe full graphalgorithm
iteratesonly betweenequations(6) and (7) ignoring the LDPC code. This then gives a low-compleity detection
schemeéfor the nonlinearlSI channel As the curvesshaw, the improvementin performances quite significant. At
a bit errorrateof 10° the codedperformanceafter 5 iterationsis about8 dB betterthanthe uncodedperformance
after 10 iterations.Also, the performanceof the full graphalgorithm after 5 iterationsis about8 dB better(at a
bit error rate of 107%) thanthe performancereportedin [15], wherea stripe-wiseViterbi detectoris usedfor the

samelSl.
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IV. DENSITY EVOLUTION AND THRESHOLD COMPUTATION

For mary channelsand decodersof interest,LDPC codesexhibit a thresholdphenomenorj23]; thereexists a
critical value of the channelparameter(noisetolerancethreshold,say §*) suchthat an arbitrarily small bit error
probability canbe achievedif the noiselevel (0) is smallerthand* andthe codelengthis long enough.On the other
hand,for § > ¢§* theprobability of bit erroris largerthana positive constantRichardsorandUrbanke [23] developed
an algorithm called density evolution for iteratively calculatingmessagelensities,enablingthe determinationof
the aforementionedhreshold.Kavg€ic et al., [21] extendedthe work of Richardsorand Urbanke to computenoise
tolerancethresholdsfor one-dimensionalSI channels.

Using a densityevolution similar to that proposeddy Kav€ic et al., [21] noisetolerancethresholdsare computed
for the full graphalgorithmandthe nonlinearTWODOS channel Following is a brief descriptionof the algorithm.
Density evolution tracksthe “evolution” of the probability densityfunction (pdf) of correct(or incorrectymessages
passedn the graphastheiterationsprogressDensityevolution is describednorecorvenientlyusinglog-likelihood
ratios (LLR) for messagesteadof probabilities.The LLR for the variable-to-checknessageat the /th iteration

is definedas Lg)_)c = log %ﬂ(?;. ThelLRs L., L, .., and L,_.,. aredefinedanalogouslyUsing LLRs gives

Hzte

an equialentrepresentatiomf the full graphmessage-passirgjgorithm. Equations(4)-(7) canbe rewritten as

D D AR DR (10)
rE€N(z) c’€Nc(z)\c
tanh(L%I) = (-0° ]I tanh(%) (11)
z’€N(c)\z
O, = S v+ Y il (12)
cENo(z) PN (2)\r
LW = FLY  deN@)\x), (13)

The updatefor measurediata-to-ariablemessagefasno closedform whenrepresentedising LLRs. The “tanh”
rule [22] cannotbe appliedto (7) sincethe measureddatanodesare not binary-valued.Equation(13) represents
the measurediata-to-ariablemessageipdatevia a function F' which performsthe appropriatecomputation.

Let fv(l) (x) bethe pdf of the correctmessagdrom a variablenodeto a checknodeat the ith round of message-
passing.This pdf is evolved through (10)-(13). The evolution of the density functionsthrough (10) and (12) are
simple corvolutionsand canbe implementecefficiently usingthe fastFourier transform.Density evolution for (11)
canbeimplementedusingthe changein measuredescribedoy Richardsorand Urbanke in [23] or moreefficiently
by using a table-lookupas explained by Chunget al., in [24]. For density evolution through (13) Monte Carlo
simulationsare used; message-passing performedon the channelgraphusing a long block length and the pdf
of the outgoing messagedrom the measureddata nodesis approximatedby using the histogramof computed

messages.
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After evolving ft(,l)(:c) through (10)-(13), fﬁl“)(:c) is obtained.Using fﬁ”l)(:ﬁ), the error probability at the

I+ Dth iteration, p' ™", canbe computedas

0
P+ = / S0 () de (14)

—00

The noisetolerancethreshold,é*, can be calculatedas the supremumof all § for which the error probability
goesto zeroasthe iterationsprogressTablell showvs the computedthresholdsor regular LDPC codesof different
rates.The (3, o) coderefersto the casewhenno codingis used.The noisetolerancethresholdis the varianceof

the AWGN. The SNR s calculatedasin (9) exceptthat the rate of the codeis not taken into account.

TABLE 1

NOISE TOLERANCE THRESHOLDS FOR THE TWODOS CHANNEL.

LDPC | Code | Threshold| Threshold
Code | Rate o2 SNR [dB]
(3,3) 0.000 0.0670 1.7270
(3,4 0.250 0.0436 3.5929
(3,5) 0.400 0.0283 5.4699
(3,6) 0.500 0.0215 6.6633
(3,9 0.667 0.0140 8.5264
(3,12) | 0.750 0.0117 9.3059
(3,15) | 0.800 0.0103 9.8593
(3,30) | 0.900 0.0061 12.1344
(3,60) | 0.950 0.0035 14.5470
(3,90) | 0.967 0.0030 15.2165
(3,120) | 0.975 0.0027 15.6741
(3,150) | 0.980| 0.0025 16.0083
(30¢) | 1.000| 0.0018 | 17.4342

In proving the existenceof thresholdfor memorylesshannelghe crucialinnovation of RichardsorandUrbanke
in [23] werethe“concentratiorresults: Theseresultsstatethatasthe block lengthtendsto infinity the performance
of the LDPC decoderon randomgraphscorvergesto its expectedbehaior and that the expectedbehaior can
be determinedrom the correspondingycle-freebehaior. Kavci€ et al., [21] extendedtheseconcentratiorresults
to one-dimensionalS| channelsby using LDPC cosetcodesto circumwvent the complicationsarising out of the
input-dependentemory

For 2D ISI channelsthe concentratiorresultsdo not hold sincethe channelgraphhasshortcycles evenin the

limit of infinitely long block length.Henceexistenceof thresholdsannotbe provedusingthe concentratioranalysis.
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Fig. 4. Resultsof usingthe full graph message-passirggorithmfor the TWODOS recordingmodel using different length
regular (3,30) LDPC codes.

However, our simulationssuggesthat for the TWODOS channelthe full graphalgorithm respectshe thresholds
computedusing density evolution. Theseresultsare shovn in Fig. 4 for threeblock lengths: 10000, 65536, and
262144and using a regular (3,30) LDPC code. The resultsshav that very low bit error ratesare obtainedonly
whenthe noise varianceis smallerthan the threshold.Although this doesnot prove the existenceof a threshold,
it suggestghat the noisetolerancethresholdsof Table Il are upperboundson the performanceof the full graph
algorithm. Besidesthat, the thresholdsalso sene as a designparametergiven a systemwith a specifiedSNR it
is sufficient to pick an LDPC codehaving a smallerthresholdSNR therebyensuringthat the bit-error rate can be

madearbitrarily small asthe block lengthincreases.

V. CONCLUSIONS

A message-passifgasedschemeor joint equalizationanddecodingfor nonlineartwo-dimensionaintersymbol
interferencechannelshas been proposed.The scheme,called the full graph algorithm, performs sum-product
message-passingn a joint graphof the error correctioncode and the channel. The complexity of the full graph
algorithm is linear in the block length of the error correction code and quadraticin the size of interference
neighborhood.The performanceof the algorithm is studiedfor the two-dimensionaloptical storageparadigm.
Simulationsfor the nonlinearchanneimodelof TWODOS shaw significantimprovementover uncodedberformance.

The performancds about6 to 8 dB betterthanthat reportedin by Immink et al., [15] for the sameintersymbol
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11

interference A detectionschemefor nonlinearlSI channelshasalso beenproposed.This schemeperformssum-

productmessage-passingn the graphcorrespondingo the nonlinearchannellSI. Using density evolution noise

tolerancethresholdsfor the full graph algorithm are also computedand are shovn to accuratelypredict the

performanceof the algorithm asthe block length getslarge.
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