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Joint EqualizationandDecodingfor Nonlinear

Two-DimensionalIntersymbolInterference

Channelswith Application to Optical Storage
NaveenSinglaandJosephA. O’Sullivan

Abstract

An algorithmthatperformsjoint equalizationanddecodingfor nonlineartwo-dimensionalintersym-

bol interferencechannelsis presented.The algorithmperformssum-productmessage-passingon a factor

graphthatrepresentstheunderlyingsystem.Thetwo-dimensionalopticalstorage(TWODOS)technology

is an example of a systemwith nonlinear two-dimensionalintersymbol interference.Simulationsfor

the nonlinearchannelmodel of TWODOSshow significantimprovementin performanceover uncoded

performance.Noise tolerancethresholdsfor the algorithm for the TWODOS channel,computedusing

densityevolution, arealsopresentedandaccuratelypredictthe limiting performanceof the algorithmas

the codeword length increases.

Index Terms: Low-densityparity-checkcodes,opticalstorage,sum-productalgorithm,TWODOS,two-dimensional

intersymbolinterference.

I . INTRODUCTION

Two-dimensional(2D) intersymbol interference(ISI) channelshave received a lot of attention lately. This is

mainly due to the fact that researchfocus in storageis shifting towards developing a two-dimensionalstorage

paradigm.Although conventional recordingmedia like magnetichard disks and DVDs use planar storage,the

seconddimensionis utilized only loosely. Significantincreasein storagedensitycanbeobtainedby moving towards

truly two-dimensionalstorage.Patternedmagneticmedia[1], holographicstorage[2], andtwo-dimensionaloptical

storage[3], [4] (TWODOS)are examplesof upcomingtechnologiesthat usea two-dimensionalstorageparadigm

andpromiseterabitstoragedensityat high datarates.Due to the two-dimensionalnatureof storage,theseadvanced

storagetechnologieshave2D ISI duringthereadbackprocess.Conventionalmethodslikepartialresponsemaximum-

likelihood decoding,that have proved very successfulfor one-dimensionalISI channels,do not extend to two

dimensions.This motivatesthe needfor new methodsto combat2D ISI. Besidesadvancedstoragetechnologies,

multi-usercommunicationscenarios,like cellular communication,alsohave situationswhere2D ISI is prevalent.

March 31, 2005 DRAFT



2

Several detection(or equalization)algorithmsfor 2D ISI channelshave beenproposed[5-11]. Someof these

algorithms are basedon linear minimum mean-square-error(MMSE) equalization;the MMSE equalizationis

followedby (soft or hard)thresholdingandmay iteratebetweenequalizationandthresholding.Othersarebasedon

multi-trackversionsof theViterbi or BCJRalgorithmaccompaniedby decisionfeedback.Singlaet al., [11-14] have

proposedjoint equalizationand decodingschemesfor 2D ISI channelsand have shown the benefitof using error

control coding in conjunctionwith detection.More often thannot, the ISI is modeledasa linear filter. Although a

goodstartingpoint, the linearity assumptiondoesn’t hold in general.TWODOSis an exampleof a systemwhere

the ISI is nonlinear.

TWODOS is, potentially, the next generationoptical storagetechnologywith projectedstoragecapacitytwice

thatof theblu-raydisk andwith tentimesfasterdataaccessrates[3], [4]. As in conventionalopticaldisk recording,

bits in the TWODOS model are written on the disk in spiral tracks.However, insteadof having a single row of

bit cells, eachtrack consistsof a numberof bit rows stacked togethermakingTWODOSa truly two-dimensional

storageparadigm.Successive tracks on the disk are separatedby a guardbandwhich consistsof one empty bit

row. In addition, the bit cells are hexagonal;this allows 15 percenthigher packing density than rectangularbit

cells leading to even higher storagecapacity. As in conventionaloptical disk recording,a 0/1 is representedby

the absence/presenceof a pit on the disk surface.A scalardiffraction model proposedby Coene[3] for optical

recordingis usedto model the readbacksignal from the disk. Under this model the readbackintensity from the

disk haslinear andbilinear contributionsfrom the storeddatabits.

Various detectionschemesfor TWODOS have beenproposed[15-17]. Theseschemes,with the exception of

Immink et al., [15], use two-dimensionalpartial responseequalizationto obtain a linear channelmodel for the

ISI. Then,equalizationmethods,like MMSE equalization,areusedfor detectionon this linearizedchannelmodel.

Sincepartial responseequalizationleadsto noisecorrelationthereis an inherentlossassociatedwith theseschemes.

Thus,it is prudentto searchfor decodingschemesthat avoid partial responseequalizationandaredesignedtaking

into accountthe nonlinearstructureof the ISI. Immink et al., [15] proposeusing a stripe-wiseViterbi detector

that is designedfor the nonlinear ISI. Chugg et al., also proposedequalizationschemesfor nonlinear2D ISI

channels[5], [6]. However, neitherof the aforementionedschemesemployed error control coding.

In this paper, a low-complexity schemefor joint equalizationand decodingfor nonlinear2D ISI channelsis

presented.The schemewasfirst proposedfor linear 2D ISI channels[12] andhasbeenappropriatelymodifiedfor

thenonlinearchannel.This scheme,calledthe full graphscheme,performssum-productmessage-passingon a joint

graphthat representsthe error control codeand the nonlinear2D ISI channel.Low-densityparity-check(LDPC)

codes[18] are usedfor error correction.Simulationsfor the nonlinearchannelmodel of TWODOS demonstrate

the potential of using the full graph scheme.Significant improvementin performanceis observed over uncoded

performance.Noise tolerancethresholdsarecalculatedfor regular LDPC codesof differentratesandsum-product

decodingfor thenonlinear2D ISI channel.We notethatothershave alsoproposedmessage-passingbasedschemes

for joint equalizationanddecodingfor a wide variety of channelslike the fadingchannel[19] andpartial response
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channels[20], [21].

The paper is organizedas follows. The systemmodel and the channelmodel for TWODOS is describedin

SectionII. Thefull graphmessage-passingalgorithmandits performancefor TWODOSarepresentedin SectionIII.

Thedensityevolution algorithmandthenoisetolerancethresholdsarepresentedin SectionIV. SectionV concludes

the paper.

I I . SYSTEM MODEL

The systemis modeledasa discrete-timecommunicationsystem;

����������	�

����������������	�����������	������! #"$	�%'&(�!�)����	�� (1)

where����������	 arethedatareceivedat theoutputof thechannel;���������*	 arethechannelinputs,obtainedby encoding

the userdatawith an error control code; &(�!�)����	 aresamplesof additive white Gaussiannoise(AWGN) with zero

meanand variance +-, and are assumedto be independentof ���������*	 ; ���. is the set of indicesof all the bits that

interferewith ���!�)����	 during readback,including ���!�)����	 ; and �/�10!	 is the function thatencapsulatesthe nonlinear2D

ISI. The userdataand the encodeddataareassumedto be binary. LDPC codesareusedfor error correction.

For TWODOS, a scalardiffraction model proposedby Coene[3] for optical recordingis usedto model the

readbacksignal.Using the model, the readbacksignal (optical intensity) from the disk canbe written as

���!�)����	�
3254 687
9 : ;
<=�! #��������	�����������	�% 687

9 :>;=?@
6 A 9 BC;

D �. E��������F�GH��IJ	����������*	!����GK��IJ	L%'&(�!�)����	�� (2)

where <=�. #�������*	 and
D �. M�������*F�GH��IJ	 are the linear and nonlinear ISI coefficients, respectively. Thesecoefficients

dependon the parametersof the optical system,such as the wavelengthof the laser, numericalapertureof the

readbacklensandgeometryof the recording(pit andtrackdimensions).Theextentof the interferenceis limited by

the spot sizeof the readlaser. Typically, this restrictsthe interferenceto nearestneighborsonly. As shown in [3]

this assumptionis quite accurate.

Usinga nearestneighborinterferencemodel,thesignalintensityin (2) dependson thedatabit storedin thecentral

bit cell andthe 6 neighboringbit cells. If it is assumedthat two configurationswith the samecentralbit andsame

numberof nonzeroneighborshave identicalsignalvaluesthenthesignalintensitytakeson 14 valuescorresponding

to the14 differentconfigurations.As shown in [3], this symmetryassumptionis a goodapproximation.Fig. 1 shows

four of these14 configurations.

Table I lists the signal levels for the 14 differentconfigurationsfor onechoiceof pit dimensionsand laserspot

size.This tableis reproducedfrom [3]. Looking at the table,the nonlinearityof the ISI is quiteapparent;the signal

level doesnot changelinearly as the numberof nonzeroneighborsincreasesandthe rangewhenthe centralbit is

a 0 is greaterthanwhen the centralbit is 1.
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Fig. 1. Four of the possible14 nearestneighborconfigurationsfor TWODOS. The dark circles in the cells depict a pit

correspondingto a stored1. Absenceof a pit indicatesa stored0. The pits cover only abouthalf the areaof the hexagonalbit

cells. This is doneto reducesignal folding [3].

TABLE I

SIGNAL LEVELS FOR TWODOS RECORDING USING NEAREST NEIGHBORS INTERFERENCE. (REPRODUCED FROM [3] )

Nonzero Central Central

neighbors(n) bit=0 N�OQP�R#S bit=1 N�OQPMT�S
0 0.95 0.50

1 0.80 0.35

2 0.70 0.30

3 0.55 0.20

4 0.45 0.15

5 0.35 0.10

6 0.25 0.05

I I I . FULL GRAPH MESSAGE-PASSING ALGORITHM

The decoderusesthe sum-productalgorithm to computethe maximuma posteriori probability estimateof the

codewordgiventhechanneloutput.Thegraphonwhich thealgorithmoperatesrepresentsthefollowing factorization:

UL��VXW8Y'	[Z\U��*YXW8V'	�]^��V'	
Z 6 � 9  ;

U������!�)����	�W�������������	_���������*	����3��������	�"$	�]^��V`	�� (3)

where V and Y arematricesrepresentingthe channelinput andchanneloutput,respectively. �3�!�)����	 is asdefined

previously. ]^��V`	 is the probability that V is a codeword of the LDPC codebeing used.This probability can be

representedgraphicallyvia the Tannergraphof the LDPC code[22]. U��*YXW8V'	 representsthe ISI channel.

Fig. 2 shows anillustrationof this factorgraphwherenearestneighborinterferenceis assumed.This “full graph”

has three typesof nodes:variablenodes,checknodes,and measureddatanodescorrespondingto the codeword

bits, the parity-checkequations,andthe observeddatasymbols,respectively. The uppertwo levels in the full graph

representthe LDPC codebipartitegraphshowing how the codeword bits areconnectedto the checknodesvia the

March 31, 2005 DRAFT



5

LDPC codeparity-checkmatrix. The lower two levels representthechannelISI graphshowing how the ISI induces

dependenciesbetweenthe codeword bits. For clarity, connectionsfor only one measureddatanodeare shown in

the figure.

Fig. 2. The full graphdepictingthe factorizationof (3).

Message-passingon this full graph is performedusing the following scheduleof messages:variablenodesto

checknodes,checknodesto variablenodes,variablenodesto measureddatanodesandfinally measureddatanodes

to variablenodes.Following is a brief descriptionof how the messagesareupdatedfor eachof the aforementioned

four stepsfor the sum-productalgorithm.The messagesin the updateequationsareprobabilities.

Variable-to-check messages: Themessagefrom a variablenode� to a checknode < at the � th iterationis calculated

using the messagespassedto � from its neighboringcheckandmeasureddatanodesat the ����4
2E	 th iteration.

a
6
: ;b�ced �gf�	h
 i jlkCm�n 6 b ;

a
6
:porqs;j�ceb �pf�	 d�tsk#mvu 6 b ;pw d

a
6
:porqs;d�t>ceb �pf�	

a
6
: ;b�ced �12E	h
 i jlkCm n 6 b ;

a
6
:porqs;j�ceb �=2E	 d t k#m u 6 b ;pw d

a
6
:porqs;d�t>ceb �=2E	�� (4)

wherea
6
: ;b�ced ��0�	 , a

6
: ;j�ceb ��0�	 , anda

6
: ;d�cxb ��0g	 are,respectively, thevariable-to-check,measureddata-to-variable,andcheck-

to-variablemessagesat the � th iteration. y d ����	 and y j �!��	 are the neighboringcheckandmeasureddatanodesof� respectively, and i is a normalizingconstant.

Check-to-variable messages: At the � th iterationthe check-to-variablemessagesarecalculatedusingthe variable-

to-checkmessagesat the � th iterationand the sum-productrule,
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a
6
:>;d�ceb �gf/	h
 z{ u ]^��<�W �|
}f��$~� d 	 bCt�klm 6 d ;sw b

a
6
: ;b t cxd �!����	

a
6
:>;d�ceb �12$	h
 z{ u ]^��<�W �|
�2#� ~� d 	 bCt�klm 6 d ;sw b

a
6
: ;b t cxd �!� � 	 (5)

where y ��<l	 arethevariablenodesconnectedto checknode < ; ~� d arelength W y ��<�	1Ws4�2 binarytuples.Theconditional

probabilitiesabove are0 or 1 dependingon whetherthe parity-checkconstraintat node < is satisfiedor not.

Variable-to-measured data messages: The variable-to-measureddatamessagesat the � th iteration arecalculated

usingthe messagesreceived at the variablenodesfrom the checknodesat the � th iterationandfrom the measured

datanodesat the ����4�2E	 th iteration,

a
6
: ;b)cxj �gf/	h
 i d�kCmvu 6 b ;

a
6
: ;d�ceb �gf�	 j�tsk#m�n 6 b ;pw j

a
6
:po�qp;j�t>ceb �pf�	

a
6
: ;b)cxj �12$	h
 i d�kCmvu 6 b ;

a
6
: ;d�ceb �12E	 j�tsk#m�n 6 b ;pw j

a
6
:po�qp;j t ceb �=2E	�� (6)

Measured data-to-variable messages: To completeone iteration, the measureddata-to-variablemessagesat the� th iteration are computedusing the variable-to-measureddatamessagesat the � th iteration and the sum-product

rule,

a
6
: ;j1ceb �pf�	h
 i z{�n U�����W �K
}f��E~� j 	!a

6
:>;bCt>cxj �!�/�1	

a
6
: ;j1ceb �=2E	h
 i z{�n U�����W �K
�2#�E~� j 	!a

6
:>;bCt>cxj �!�/�1	 (7)

y ����	 is thesetof all variablenodesconnectedto measureddatanode� ; ~� j arelength W y �!��	�W14�2 binary tuples.The

conditionalprobabilitiesabove arevaluesof a Gaussianprobability densityfunction. The meanof this probability

densityfunction is determinedby the signal levels given in Table I andthe varianceis equalto the noisevariance

+-, .
After this stepthe “pseudo-posterior”probabilitiesarecalculatedusingthe messagesfrom the checknodesand

the measureddatanodes,

�
6
: ;b �gf/	h
 i j�kCm�n 6 b ;

a
6
: ;j1c^b �gf/	 d�k#mJu 6 b ;

a
6
: ;d�cxb �gf/	

�
6
: ;b �12$	h
 i j�kCm n 6 b ;

a
6
: ;j1c^b �12$	 d�k#m u 6 b ;

a
6
: ;d�cxb �12$	�� (8)

The codeword estimateis obtainedby setting �� to 1 if �
6
: ;b �=2E	����

6
: ;b �gf/	 and 0 otherwise.The decodingstopsif

the decoderconvergesto a codeword or a maximumnumberof iterationsareexhausted.The complexity of the full

graphalgorithmis linear in theLDPC codeblock lengthandquadraticin thesizeof the interferenceneighborhood.
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Fig. 3. Resultsof usingthe full graphmessage-passingalgorithmfor theTWODOSrecordingmodelgiven by (2) andTableI.

The LDPC codeusedis a block length10000regular (3,30) code.

Resultsof using full graphmessage-passingfor the TWODOS channelmodel of (2) and Table I are shown in

Fig. 3. The LDPC codeusedis a block length 10000,regular (3,30) code[23]. This high-ratecodeis chosenso

as to add only a small numberof redundantparity bits. The SNR is definedas the averageenergy in the signal

divided by the noisepower;

���`�3�����E�!�E���p� � �C� � �� ����� �M �¡ �Q� ��¢�£¤$¥$¦ � ¤ �¨§ � £ © (9)

where � �   ( � � ¢ ) is the signal level given that the centralbit is a 0(1) and has ª nonzeroneighborsand
�

is the

LDPC coderate.From right to left the solid curves in Fig. 3 correspondto the performanceof the full graphfor

a maximumof 1, 2, 3, 4, and 5 iterations.The numberof iterationsis kept low so as to reducedecodingdelay.

Thedashedcurvescorrespondto the uncodedperformancewhich is the performancewhenthe full graphalgorithm

iteratesonly betweenequations(6) and (7) ignoring the LDPC code.This then givesa low-complexity detection

schemefor the nonlinearISI channel.As the curvesshow, the improvementin performanceis quite significant.At

a bit error rateof
����«�¬

the codedperformanceafter 5 iterationsis about8 dB betterthanthe uncodedperformance

after 10 iterations.Also, the performanceof the full graphalgorithm after 5 iterationsis about8 dB better(at a

bit error rate of
�)��« � ) than the performancereportedin [15], wherea stripe-wiseViterbi detectoris usedfor the

sameISI.
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IV. DENSITY EVOLUTION AND THRESHOLD COMPUTATION

For many channelsand decodersof interest,LDPC codesexhibit a thresholdphenomenon[23]; thereexists a

critical value of the channelparameter(noise tolerancethreshold,say ­E® ) suchthat an arbitrarily small bit error

probabilitycanbeachievedif thenoiselevel ( ­ ) is smallerthan ­E® andthecodelengthis long enough.On theother

hand,for ­ � ­ ® theprobabilityof bit erroris largerthanapositiveconstant.RichardsonandUrbanke[23] developed

an algorithm called density evolution for iteratively calculatingmessagedensities,enablingthe determinationof

the aforementionedthreshold.Kavčić et al., [21] extendedthe work of RichardsonandUrbanke to computenoise

tolerancethresholdsfor one-dimensionalISI channels.

Using a densityevolution similar to thatproposedby Kavčić et al., [21] noisetolerancethresholdsarecomputed

for the full graphalgorithmandthe nonlinearTWODOSchannel.Following is a brief descriptionof the algorithm.

Densityevolution tracksthe “evolution” of the probability densityfunction (pdf) of correct(or incorrect)messages

passedon thegraphastheiterationsprogress.Densityevolution is describedmoreconvenientlyusinglog-likelihood

ratios(LLR) for messagesinsteadof probabilities.The LLR for the variable-to-checkmessagesat the � th iteration

is definedas ¯
6
: ;b)c^d 
±°!²E³x´�µ>¶ ·¸*¹ u

6 º
;´ µ>¶ ·¸*¹ u
6
qs; . The LLRs ¯ d�c^b � ¯ b)c^j � and ¯ j�c^b aredefinedanalogously. Using LLRs gives

an equivalentrepresentationof the full graphmessage-passingalgorithm.Equations(4)-(7) canbe rewritten as

¯
6
: ;b)c^d 
 jlkCm n 6 b ; ¯

6
:po�qp;j1c^b % d t k#m u 6 b ;pw d ¯

6
:porqs;d�t ceb (10)

»=¼E½�¾ � ¯
6
:>;d�c^b¿ 	h
 �14À2E	 d bltsk#m 6 d ;pw b

»1¼$½�¾ � ¯
6
: ;b t ced¿ 	 (11)

¯
6
: ;b�c^j 
 d�kCm u 6 b ; ¯

6
: ;d�ceb % j t k#m n 6 b ;pw j ¯

6
:sorqs;jQt cxb (12)

¯
6
: ;j1c^b 
 Á^� ¯

6
: ;bCt cej F����*� y ����	�ÂQ��	�� (13)

The updatefor measureddata-to-variablemessageshasno closedform whenrepresentedusingLLRs. The “tanh”

rule [22] cannotbe appliedto (7) sincethe measureddatanodesare not binary-valued.Equation(13) represents

the measureddata-to-variablemessageupdatevia a function Á which performsthe appropriatecomputation.

Let Ã
6
: ;Ä �!��	 be the pdf of the correctmessagefrom a variablenodeto a checknodeat the � th roundof message-

passing.This pdf is evolved through(10)-(13). The evolution of the density functions through(10) and (12) are

simpleconvolutionsandcanbe implementedefficiently usingthe fastFourier transform.Densityevolution for (11)

canbe implementedusingthe changein measuredescribedby RichardsonandUrbanke in [23] or moreefficiently

by using a table-lookupas explained by Chung et al., in [24]. For density evolution through (13) Monte Carlo

simulationsare used;message-passingis performedon the channelgraphusing a long block length and the pdf

of the outgoing messagesfrom the measureddata nodesis approximatedby using the histogramof computed

messages.
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After evolving Ã
6
:>;Ä �!��	 through (10)-(13), Ã

6
: Åvqs;Ä �!��	 is obtained.Using Ã

6
:>Åvqp;Ä ����	 , the error probability at the����%Æ2E	 th iteration, U

6
:>Åvqp;Ç , canbe computedas

U
6
:>Åvqp;Ç 


º
o-È Ã

6
: ÅJqp;Ä ����	 D �É� (14)

The noisetolerancethreshold, ­E® , can be calculatedas the supremumof all ­ for which the error probability

goesto zeroasthe iterationsprogress.TableII shows the computedthresholdsfor regularLDPC codesof different

rates.The �gÊ���Ë�	 coderefersto the casewhenno coding is used.The noisetolerancethresholdis the varianceof

the AWGN. The SNR is calculatedas in (9) except that the rateof the codeis not taken into account.

TABLE II

NOISE TOLERANCE THRESHOLDS FOR THE TWODOS CHANNEL .

LDPC Code Threshold Threshold

Code Rate ÌÉÍÎ SNR [dB]

(3,3) 0.000 0.0670 1.7270

(3,4) 0.250 0.0436 3.5929

(3,5) 0.400 0.0283 5.4699

(3,6) 0.500 0.0215 6.6633

(3,9) 0.667 0.0140 8.5264

(3,12) 0.750 0.0117 9.3059

(3,15) 0.800 0.0103 9.8593

(3,30) 0.900 0.0061 12.1344

(3,60) 0.950 0.0035 14.5470

(3,90) 0.967 0.0030 15.2165

(3,120) 0.975 0.0027 15.6741

(3,150) 0.980 0.0025 16.0083

(3,Ï ) 1.000 0.0018 17.4342

In proving theexistenceof thresholdsfor memorylesschannelsthecrucial innovationof RichardsonandUrbanke

in [23] werethe“concentrationresults.” Theseresultsstatethatastheblock lengthtendsto infinity theperformance

of the LDPC decoderon randomgraphsconvergesto its expectedbehavior and that the expectedbehavior can

be determinedfrom the correspondingcycle-freebehavior. Kavčić et al., [21] extendedtheseconcentrationresults

to one-dimensionalISI channelsby using LDPC cosetcodesto circumvent the complicationsarising out of the

input-dependentmemory.

For 2D ISI channelsthe concentrationresultsdo not hold sincethe channelgraphhasshort cycleseven in the

limit of infinitely longblock length.Henceexistenceof thresholdscannotbeprovedusingtheconcentrationanalysis.
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Fig. 4. Resultsof using the full graphmessage-passingalgorithm for the TWODOS recordingmodel using different length

regular (3,30) LDPC codes.

However, our simulationssuggestthat for the TWODOS channelthe full graphalgorithm respectsthe thresholds

computedusing densityevolution. Theseresultsare shown in Fig. 4 for threeblock lengths:10000,65536,and

262144and using a regular (3,30) LDPC code.The resultsshow that very low bit error ratesare obtainedonly

when the noisevarianceis smallerthan the threshold.Although this doesnot prove the existenceof a threshold,

it suggeststhat the noisetolerancethresholdsof Table II are upperboundson the performanceof the full graph

algorithm.Besidesthat, the thresholdsalso serve as a designparameter;given a systemwith a specifiedSNR it

is sufficient to pick an LDPC codehaving a smallerthresholdSNR therebyensuringthat the bit-error ratecanbe

madearbitrarily small as the block length increases.

V. CONCLUSIONS

A message-passingbasedschemefor joint equalizationanddecodingfor nonlineartwo-dimensionalintersymbol

interferencechannelshas been proposed.The scheme,called the full graph algorithm, performs sum-product

message-passingon a joint graphof the error correctioncodeand the channel.The complexity of the full graph

algorithm is linear in the block length of the error correction code and quadratic in the size of interference

neighborhood.The performanceof the algorithm is studied for the two-dimensionaloptical storageparadigm.

Simulationsfor thenonlinearchannelmodelof TWODOSshow significantimprovementoveruncodedperformance.

The performanceis about6 to 8 dB betterthan that reportedin by Immink et al., [15] for the sameintersymbol
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interference.A detectionschemefor nonlinearISI channelshasalso beenproposed.This schemeperformssum-

productmessage-passingon the graphcorrespondingto the nonlinearchannelISI. Using densityevolution noise

tolerancethresholdsfor the full graph algorithm are also computedand are shown to accuratelypredict the

performanceof the algorithmas the block lengthgetslarge.
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