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Abstract

Jointequalizationanddecodingschemesaredescribedfor two-dimensionalintersymbolinterference

(ISI) channels.Equalizationis performedusing the minimum mean-square-error(MMSE) criterion.

Low-densityparity-checkcodesare usedfor error correction.The MMSE schemesare the extension

of thoseproposedby Tüchler et al. (2002) for one-dimensionalISI channels.Extrinsic information

transfercharts,densityevolution, andbit-error rateversussignal-to-noiseratio curvesareusedto study

the performanceof the schemes.

I . INTRODUCTION

Tüchler et al. [10] consideredthe problemof codeddatatransmissionover one-dimensional

intersymbolinterference(ISI) channels.Receivers basedon the principle of turbo equalization

have proven highly successfulfor thesechannels.Such a receiver consistsof multiple equal-

izers/decodersthat exchangeextrinsic information and each componentcomputesits output

using the extrinsic information of the other components(as a priori information) along with

the channeloutput. Tüchler et al. proposedsoft-in soft-out equalizersbasedon the minimum

mean-square-error(MMSE) criterion thatusetheextrinsic informationfrom theerror-correction

code decoderto computetheir estimate.They showed that the performanceof their iterative
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receiver, an MMSE equalizerwith a convolutional code, is very close to that of the iterative

receiver using the muchmorecomplex MAP (BCJR)equalizer.

In this letter we considercodeddata transmissionover two-dimensional(2D) ISI channels.

The absenceof (computationallytractable)exact MAP or ML algorithmsfor two dimensions

necessitatesthesearchfor low-complexity approximateschemes.Many suchschemeshave been

proposedby Singla et al. [6], Marrow and Wolf [7], and Shentalet al. [8] amongothers.We

describeiterative schemesthat use two dimensionalextensionsof the aforementionedMMSE

equalizersin conjunctionwith low-densityparity-checkcodesfor the2D ISI. Theequalizersare

modified taking into accountthe 2D natureof the ISI.

MMSE equalizationfor 2D ISI channelswasfirst proposedandstudiedby Chugget al. [1].

However, theequalizerthey proposedis not iterativeandthey did notemploy any error-correction

coding.Singla et al. [6] also proposedan iterative receiver for 2D ISI channelsusing MMSE

equalizationfollowed by decodingusing low-densityparity-check(LDPC) codes.However, the

MMSE equalizersproposedhereinhave a much lower complexity andbetterperformancethan

thosepreviously proposedby Singlaet al. [6]. The restof the paperis organizedasfollows. In

Section2 describesthe model we usefor the systemswith 2D ISI. In Section3, we describe

threeMMSE equalizationschemesusing a linear equalizer, and iterative decodingalgorithms

using LDPC codeswith the equalizers.Resultsare provided in Section4 and conclusionsin

Section5.

I I . SYSTEM MODEL

The channelis representedasa discrete-timechannelgovernedby the following equation
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where ���������
	 and � �������
	 are elementsof the output and encodeddata matrices,respectively;
.0�������
	 aresamplesof thenoise,assumedto be additive white Gaussian;2 �435')�6!

�
�+!%$&	(7 
��������8 ���9��� is

the 2D channelpoint spreadfunction.For error correctionwe useLDPC cosetcodes[3] whose

codegraphchosenuniformly at randomfrom theensembleof regulargraphs.TheISI coefficients

are assumedto be real. For the purposeof illustration of our conceptsand simulationswe use:<;=:
point spreadfunctionsof the form
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wherethe interferencecoefficientsarespecifiedin termsof an “interferenceparameter”A : @B�C,DFE C - A $ - A�G , ?H� @JI A DLK , and >M� @JI A $ DLK . The parameterA quantifiesthe the amountof

interference;the larger the A , the moreseverethe interference.

I I I . MMSE EQUALIZATION AND DECODING

The equalizercomputesthe linear MMSE estimateof the datausing the channeloutput and

the extrinsic information from the LDPC decoder. The linear MMSE estimateof � �N���O�P	 is,

Q
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whereit is assumedthat theestimateis computedusinga � K5d - C 	 ; � K5d - C 	 support.Thesize

of thesupportdeterminesthecomplexity of theequalizerandthereis usuallya trade-off involved

betweenperformanceand complexity of the equalizer. 35>L�N�(���Hae! �
�+!%$+	17 X�f�68 �g��� �FX are the MMSE

filter coefficients for bit � �������
	 and S]U � �N�(���
	1W is the meanof � �N�(���
	 . The meanandvarianceof

� �N�(���
	 canbecalculatedusingtheextrinsic information.Thecoefficientsof theWienerfilter are

obtainedby solving the Wiener-Hopf equations

hji9iOkLl%m � hjion � (4)

where
hji9i �TSVUg�fp l%m �HSVU p lqm W�	&�op lqm �HS]U p lqm W%rY	�W ; hsion �TSVUg�fp lqm �MSVU p lqm W�	&� � �������
	P�HS]U � �N���O�P	�Wg	�W ; p

l%m
is

the � KFd - C 	 $ ;tC
vectorobtainedby rastering3,�Y�N�u�v!

�
���w�t!%$&	(7 X����8 ���9� �FX ; and x denotesmatrix

transposition.Using(1) and(4) we canobtainthefilter coefficientsandthentheMMSE estimate

is obtainedusing (3). During the computationsfor a particular bit its extrinsic information,

obtainedfrom the LDPC decoder, is set to zero which modifies the filter coefficients and the

MMSE estimate.This is doneto ensurethat the estimatecontainsonly extrinsic information.

As in [10], it is assumedthatafterMMSE equalizationtheprobability densityfunctions(pdf)
y)� Q� �N���O�P	&z � �������
	b� � 	(� �){ 35|

C 75� are Gaussianwith parameters} lqm � � 	B�~S]U Q� �������
	&z � �������
	b� � W
and � $l%m � � 	��������^� Q� �������
	(�

Q
� �N���O�P	&z � �������
	R� � 	 . The statistics} lqm � � 	 and � $lqm � � 	 canbe calculated
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using the filter coefficients.Under this assumptionthe extrinsic information (the log-likelihood

ratio (LLR)) of the data,from the equalizerbecomes

�[� � � �N�(���
	1	R�
K Q
� �������
	 }

lqm �*- C 	
� $lqm ��- C 	 � (5)

The equalizersendsthe extrinsic information to the LDPC decoderwhich usesit as a priori

informationandperformsa fixed numberof sum-productmessage-passingiterations[4] before

passingits extrinsic information to the MMSE equalizer. This processis continueduntil the

receiver convergesor a maximumnumberof iterationsis exhausted.

For the schemedescribedabove the computationof the filter coefficients involves inversion

of a � K5d - C 	 $ ; � K5d - C 	 $ matrix which causesa high computationalload. Oneapproximation

which can be usedto reducethis load is to have time-invariant coefficients. Following [10]

we investigatethe performanceof the exact equalizerwhenthe filter coefficientsarecalculated

assumingno prior information and perfectprior information, referredto as the approximateI

andapproximateII schemes,respectively. In eithercasethefilter coefficientsarecalculatedonly

onceandusedfor all the iterations.Theextrinsic informationis still calculatedasin (5) with the

MMSE estimatenow beingcalculatedusingeitherof theapproximateschemes.Theapproximate

II equalizerturnsout to be the matchedfilter implementationasnotedby Tüchleret al. [10].

IV. RESULTS AND DISCUSSION

A. Extrinsic Information Transfer Charts

We useextrinsic information transfer(EXIT) charts[9] to comparethe performanceof the

equalizersdescribedin the previous section.EXIT chartsshow how the “quality” of the output

informationvarieswith the quality of the input informationfor a particularreceiver component.

For the EXIT analysis,the equalizeris modeledasa device mappingthe channeloutput � and

the a priori LLRs
�[l

to a sequenceof outputLLRs
�[�

. It is assumedthat the sequences
�[l

and�[�
are independentand identically distributedGaussianand that the magnitudeof the meanof

theGaussiansis equalto half thevariance,thustheLLRs canbespecifiedby a singleparameter.

Using ten Brink’s approach,we plot � � , the mutual information between
�)�

and � , versus � l ,
the mutual information between

�[l
and � . Here � is a binary valuedrandomvariabletaking

values+1 or -1 with equalprobability. Thepdf of
�[�

is estimatedby makinga histogramof the

LLR valuesat the equalizeroutput.
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Fig. 1 shows the exit charts for the equalizationschemesfor the point spreadfunction

correspondingto A =0.4. The SNR is calculatedas

� d�� � C�� I����F�
� �


�����f�68 �g����� ' $ �*! �
�+!%$&	

K � $� � (6)

Thefilters eachhave a � ; � support.For eachEXIT chart,
C��,�

randomlychosenequiprobable

symbols� �������
	 { |
C

weregeneratedandtransmittedover the ISI channel.As expectedtheexact

MMSE schemehasthebestperformance.TheapproximateI schemehasagoodstartingbehavior,

but poor behavior at high valuesof � l , whilst the oppositeis observed for the approximateII

scheme,which is consistentwith theobservationsfor one-dimensionalISI channels.As observed

in [10], theEXIT chartsfor thetwo approximateschemesin Fig. 1 suggestusinga schemewhich

switchesbetweenthe two approximateequalizersbasedon which equalizeryieldsa larger value

of � � for a given � l . We investigatethis scheme,termedthe hybrid scheme,in the following

subsections.

Thefigurealsoshows theEXIT chartsfor theexactMMSE equalizerat differentSNRs.Also

shown is the EXIT chart for a block length 10000,regular (3,6) LDPC code.As the SNR is

reduced,the gapbetweenthe EXIT chartsof the equalizeranddecoderbecomesnarrower until

the two touch at an SNR of about-1.05 dB. Reducingthe SNR beyond this point leadsto the

decodingtrajectorygettingstuckat the point of intersectionleadingto poor performance.Thus

this valueof theSNRgivesusan ideaof how muchnoisetheequalizer-decoderpair cantolerate

so as to reliably recover the data.

B. Density Evolution Using Gaussian Approximation

EXIT chartshave provenvery usefulin predictingthebehavior of iterativedecoders.However,

theprocessof determiningthenoisethresholdusingEXIT chartsis quite tedious.In this section

we proposea densityevolution algorithmto determinenoisetolerancethresholdsfor theMMSE-

LDPC schemes.Thedensityevolution algorithmusestheGaussianapproximationthatwasused

for theEXIT charts,i.e., thepdf of theinput/outputof thereceiver componentsareGaussianand

canbe characterizedby a singleparameter. This approximationwasshown to be very accurate

for the sum-productdecoderfor LDPC codesby Chunget al. [2].

For thedensityevolution algorithmwe evolve themeanof thedensitiesthroughthe iterations.

The density evolution algorithm proceedsas follows: at every iteration the MMSE equalizer
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computesthe meanof the output LLR and passesit to the LDPC decoder;using that mean

the LDPC decodercomputesthe meanof its outputLLR andpassesit to the MMSE equalizer.

If the meantendsto infinity as the iterationsprogressthen the varianceis increasedand the

sameprocessis repeated.This continuesuntil thecritical valueof variancewhenthe meandoes

not tend to infinity. The densityevolution for LDPC codesusing a Gaussianapproximationis

describedin [2]. For the sake of brevity we omit the description.

TableI lists the thresholdsfor the MMSE-LDPC schemesfor the
:�;�:

point spreadfunctions

definedby (2). TheSNRis calculatedasin (6) exceptthattherateof theLDPC codeis alsotaken

into account.The LDPC codeis the regular (3,6) code.The tableshows that asthe interference

becomesmoresevere the thresholdsbecomeworse,which is what we expect.The tableshows

that the noisethresholdsof the hybrid schemearevery closeto thoseof the exact scheme.The

thresholdsfor the approximateII schemearenot shown sincethey arevery high.

C. Bit-Error Rate versus SNR Curves

Fig. 2 shows thebit-error rate(BER) versusSNRcurvesfor theMMSE-LDPC schemes,with

SNR definedin (6). The performanceof the MMSE-LDPC schemesis plotted for the different

equalizersfor the ISI in (2) correspondingto A =0.4. A block length10000,regular (3,6) LDPC

codeis usedandthe leftmostcurve shows the performanceof this codeon an AWGN channel.

The figure also shows the performanceof the full graph algorithm, a sum-productmessage-

passingbasedreceiver for the 2D ISI channel[6]. For the MMSE-LDPC schemesthe equalizer

performsa maximumof ten iterations;20 iterationsof LDPC decodingareperformedfor each

equalization.The BER curves confirm what the noise thresholdssuggested,namely that the

hybrid scheme’s performanceis very close to that of the exact scheme.The approximateI

schemesuffers a lossof about1.5 dB comparedto the exact scheme.Again the performanceof

the approximateII schemeis omittedsinceit is very bad.

Fig. 2 also shows the performancefor the exact MMSE-LDPC schemefor increasingblock

lengths.Thedashedvertical line depictsthe thresholdfor theexactMMSE-LDPCschemeusing

a regular (3,6) codeascalculatedin the previous subsection.It canbe seenfrom the figure that,

even as the block length increases,very low BERs are achieved only when the SNR is above

the thresholdSNR.Fig. 3 shows theperformancecurvesfor theexactMMSE-LDPCschemefor

ISI correspondingto differentvaluesof A in (2). As expected,whenthe ISI becomesseverethe
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performanceof the receiver degrades.However, even for A � � ��� , whenthe interferenceenergy

is nearly33%, the loss in SNR over the LDPC codeis only a little over 3 dB.

V. CONCLUSIONS

In this letterwe have presentedresultsfor theapplicationof theMMSE schemesproposedby

Tüchleret al. [10] to 2D ISI channels.TheMMSE equalizersareusedin conjunctionwith LDPC

decodingto further improve theperformance.Simulationsresultsbasedon EXIT charts,density

evolution,andBER versusSNRcurves,show similar performancetrendsasfor one-dimensional

ISI channels.The performanceof the MMSE-LDPC receiver using the exact equalizeris very

closeto thatof themessage-passingbasedalgorithmandatamuchlowercomputationalcost.The

hybrid schemeperformsalmostas-well-asthe exact schemeandhaseven lower computational

complexity.
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Fig. 1. EXIT chartsfor the MMSE equalizationschemesat 1.15 dB SNR. EXIT chartsfor the exact MMSE schemefor

differentSNRs.Also shown is the EXIT chart for a block length10000,regular (3,6) LDPC code.
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TABLE I

THRESHOLDS FOR EXACT MMSE-LDPC DECODING SCHEME USING REGULAR (3,6) LDPC CODE FOR DIFFERENT ���P�
POINT SPREAD FUNCTIONS.

s Interference ThresholdSNR [dB]

Energy (%) Exact Hybrid Approx I

0.1 1.00 1.209 1.209 1.220

0.2 3.99 1.349 1.385 1.445

0.3 8.93 1.707 1.772 1.891

0.4 15.65 2.197 2.247 2.472

0.5 23.81 2.993 3.125 3.420

0.6 32.87 4.168 4.306 4.622

0.7 42.20 5.638 5.850 6.144

0.8 51.21 7.594 7.932 8.125
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Fig. 2. BER versusSNR curves for different MMSE-LDPC schemesusing a block length 10000,regular (3,6) LDPC code.

BER versusSNR curves for the exact MMSE-LDPC schemeusingregular (3,6) LDPC codesof increasingblock lengths.

August30, 2005 DRAFT



12

1 1.5 2 2.5 3 3.5 4 4.5 5
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

SNR [dB]

B
it−

E
rr

or
 R

at
e

LDPC No ISI
s=0.2
s=0.3
s=0.4
s=0.5
s=0.6

Fig. 3. BER versusSNR curves for the exact MMSE-LDPC schemesfor different ���P� point spreadfunctionsusinga block

length10000,regular (3,6) LDPC code.
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