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Abstract

Jointequalizatioranddecodingschemesredescribedor two-dimensionaintersymbolinterference
(ISI) channels.Equalizationis performedusing the minimum mean-square-errofMMSE) criterion.
Low-density parity-checkcodesare usedfor error correction.The MMSE schemesare the extension
of those proposedby Tichler et al. (2002) for one-dimensionalS| channels.Extrinsic information
transfercharts,densityevolution, andbit-error rate versussignal-to-noiseatio curvesare usedto study

the performanceof the schemes.

I. INTRODUCTION

Tuchleret al. [10] consideredhe problemof codeddatatransmissiorover one-dimensional
intersymbolinterference(ISI) channelsRecevers basedon the principle of turbo equalization
have proven highly successfulfor thesechannels.Sucha recever consistsof multiple equal-
izers/decoderghat exchangeextrinsic information and each componentcomputesits output
using the extrinsic information of the other componentqas a priori information) along with
the channeloutput. Tlchler et al. proposedsoft-in soft-out equalizersbasedon the minimum
mean-square-errdMMSE) criterion that usethe extrinsic informationfrom the errorcorrection

code decoderto computetheir estimate.They shoved that the performanceof their iterative
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recever, an MMSE equalizerwith a corvolutional code,is very closeto that of the iterative
recever usingthe much more complex MAP (BCJR) equalizer

In this letter we considercodeddatatransmissionover two-dimensional(2D) ISI channels.
The absenceof (computationallytractable)exact MAP or ML algorithmsfor two dimensions
necessitatethe searchfor low-compleity approximateschemesMany suchschemesave been
proposedby Singlaet al. [6], Marrow and Wolf [7], and Shentalet al. [8] amongothers.We
describeiterative schemeghat usetwo dimensionalextensionsof the aforementionedVIMSE
equalizersn conjunctionwith low-densityparity-checkcodesfor the 2D ISI. The equalizersare
modified taking into accountthe 2D natureof the ISI.

MMSE equalizationfor 2D ISI channelsvasfirst proposedand studiedby Chugget al. [1].
However, the equalizetthey proposeds notiterative andthey did notemploy ary errorcorrection
coding. Singlaet al. [6] also proposedan iterative recever for 2D ISI channelsusing MMSE
equalizationfollowed by decodingusing low-densityparity-check(LDPC) codes.However, the
MMSE equalizergproposedhereinhave a much lower compleity and betterperformancehan
thosepreviously proposedoy Singlaet al. [6]. The restof the paperis organizedasfollows. In
Section2 describeghe modelwe usefor the systemswith 2D ISI. In Section3, we describe
three MMSE equalizationschemesausing a linear equalizey and iterative decodingalgorithms
using LDPC codeswith the equalizers.Resultsare provided in Section4 and conclusionsin

Sectionb.

[lI. SYSTEM MODEL

The channelis representeds a discrete-timechannelgovernedby the following equation

r(i,j) = i i w(i =1, j — l2)h(ly, o) +w(i, j), 1)
11=012=0

wherer(i, j) and z(z, j) are elementsof the output and encodeddata matrices,respectiely;
w(i, j) aresamplesof the noise,assumedo be additive white Gaussianh = {h(l1, o)}/ ., is
the 2D channelpoint spreadfunction. For error correctionwe useLDPC cosetcodes[3] whose
codegraphchoseruniformly atrandomfrom the ensemblef regulargraphs.ThelSI coeficients
are assumedo be real. For the purposeof illustration of our conceptsand simulationswe use

3x3 point spreadfunctionsof the form
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h = b a b y (2)

wherethe interferencecoeficients are specifiedin termsof an “interferenceparameter’s: a =
1/V1+s2+s% b = as/2, andc = a-s*/2. The parameters quantifiesthe the amountof

interferencethe larger the s, the more severethe interference.

[11. MMSE EQUALIZATION AND DECODING

The equalizercomputesthe linear MMSE estimateof the datausing the channeloutputand
the extrinsic information from the LDPC decoder The linear MMSE estimateof z(i, j) is,

(i, 5) = Elx(i.j)) + Y. > (r(i—l,j—h) = Elr(i—l,j—b)])e(i.j: l,k), (3)

li=—N lp=—N

whereit is assumedhatthe estimateis computedusinga (2N + 1)x (2N + 1) support.The size
of the supportdetermineshe compleity of the equalizerandthereis usuallya trade-of involved
betweenperformanceand complexity of the equalizer {c(i,j : l,l2)}]};,—_ arethe MMSE
filter coeficientsfor bit x(i, j) and E[x(7, j)] is the meanof z(i, 7). The meanand varianceof
x(i, j) canbe calculatedusingthe extrinsic information. The coeficientsof the Wienerfilter are

obtainedby solving the WienerHopf equations

Krr Ci; = Krw ) (4)

whereK,, = E[(r; — Efryj])(ri; — Elry]")]; Keo = E[(ry; — Elry;]) (24, j) — Ela(i, j)])]; vy is
the (2N + 1)* x 1 vectorobtainedby rastering{r(i —l;,j — )} ;,,__y: andT denotesmatrix
transpositionlsing (1) and(4) we canobtainthefilter coeficientsandthenthe MMSE estimate
is obtainedusing (3). During the computationsfor a particular bit its extrinsic information,
obtainedfrom the LDPC decoder is setto zero which modifiesthe filter coeficients and the
MMSE estimate.This is doneto ensurethat the estimatecontainsonly extrinsic information.
As in [10], it is assumedhat after MMSE equalizationthe probability densityfunctions(pdf)
p(z(i,7)|z(i, j) = ), ze{£l}, are Gaussiarwith parameterg.;;(xz) = E[z(i, j)|z(i,7) = z]

ando;;(z) = Cov(2(i,5), (i, j)|x(i, j) = ). The statisticsy;;(z) ando7;(z) canbe calculated
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using the filter coeficients. Underthis assumptiorthe extrinsic information (the log-likelihood

ratio (LLR)) of the data,from the equalizerbecomes

Liali.g)) = bt ®

The equalizersendsthe extrinsic information to the LDPC decoderwhich usesit asa priori

information and performsa fixed numberof sum-productmessage-passiriterations[4] before
passingits extrinsic information to the MMSE equalizer This processis continueduntil the
recever convergesor a maximumnumberof iterationsis exhausted.

For the schemedescribedabove the computationof the filter coeficients involves inversion
of a (2N + 1)?x (2N + 1)? matrix which causesa high computationaload. One approximation
which can be usedto reducethis load is to have time-invariant coeficients. Following [10]
we investigatethe performanceof the exact equalizerwhenthe filter coeficientsare calculated
assumingno prior information and perfectprior information, referredto as the approximatel
andapproximatdl schemestespectiely. In eithercasethefilter coeficientsare calculatedonly
onceandusedfor all theiterations.The extrinsic informationis still calculatedasin (5) with the
MMSE estimatenow beingcalculatedusingeitherof the approximateschemesThe approximate

Il equalizerturns out to be the matchedfilter implementatioras notedby Tuchleret al. [10].

IV. RESULTS AND DISCUSSION
A. Extrinsic Information Transfer Charts

We use extrinsic information transfer(EXIT) charts[9] to comparethe performanceof the
equalizersdescribedn the previous section.EXIT chartsshov how the “quality” of the output
informationvarieswith the quality of the input informationfor a particularrecever component.
For the EXIT analysisthe equalizeris modeledasa device mappingthe channeloutput R and
thea priori LLRs L; to a sequencef outputLLRs L,. It is assumedhatthe sequences,; and
L, areindependenand identically distributed Gaussiarand that the magnitudeof the meanof
the Gaussianss equalto half the variance thusthe LLRs canbe specifiedby a singleparameter
Using ten Brink’s approachwe plot /,, the mutual information betweenZ,, and X, versus/;,
the mutual information betweenl; and X. Here X is a binary valuedrandomvariabletaking
values+1 or -1 with equalprobability. The pdf of L, is estimatedoy makinga histogramof the
LLR valuesat the equalizeroutput.
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Fig. 1 shavs the exit chartsfor the equalizationschemesfor the point spreadfunction

correspondingo s=0.4. The SNR is calculatedas

L—l_ h2(1 ,l
SNR = 10-log, 117‘2—3 2(1 2) (6)
O—’LU

Thefilters eachhave a 5 x5 support.For eachEXIT chart,10° randomlychosenequiprobable
symbolsz (i, j)€+1 weregeneratecandtransmittedover the ISI channel As expectedthe exact
MMSE schemehasthe bestperformanceTheapproximatd scheméhasa goodstartingbehaior,
but poor behaior at high valuesof I;, whilst the oppositeis obsened for the approximatell
schemewhichis consistentvith the obsenationsfor one-dimensionalSI channelsAs obsered
in [10], the EXIT chartsfor thetwo approximateschemesn Fig. 1 suggestisinga schemavhich
switchesbetweenthe two approximateequalizersdbasedon which equalizeryields a larger value
of I, for a given I,. We investigatethis scheme termedthe hybrid scheme,in the following
subsections.

Thefigure alsoshavs the EXIT chartsfor the exact MMSE equalizerat differentSNRs.Also
shaowvn is the EXIT chartfor a block length 10000, regular (3,6) LDPC code.As the SNR is
reducedthe gapbetweenthe EXIT chartsof the equalizerand decoderbecomesarraver until
the two touch at an SNR of about-1.05dB. Reducingthe SNR beyond this point leadsto the
decodingtrajectorygetting stuck at the point of intersectionleadingto poor performanceThus
this value of the SNR givesus anideaof how muchnoisethe equalizerdecoderpair cantolerate

so asto reliably recover the data.

B. Density Evolution Using Gaussian Approximation

EXIT chartshave provenvery usefulin predictingthe behaior of iterative decodersHowever,
the procesf determiningthe noisethresholdusing EXIT chartsis quite tedious.In this section
we proposea densityevolution algorithmto determinenoisetolerancethresholdgor the MMSE-
LDPC schemesThe densityevolution algorithmusesthe Gaussiarapproximatiorthatwasused
for the EXIT charts,i.e, the pdf of the input/outputof the recever componentsare Gaussiarand
can be characterizedy a single parameterThis approximationwas shovn to be very accurate
for the sum-producdecoderfor LDPC codesby Chunget al. [2].

For the densityevolution algorithmwe evolve the meanof the densitieghroughtheiterations.

The density evolution algorithm proceedsas follows: at every iteration the MMSE equalizer
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computesthe meanof the output LLR and passest to the LDPC decoder;using that mean
the LDPC decodercomputeshe meanof its outputLLR andpassest to the MMSE equalizer
If the meantendsto infinity as the iterationsprogressthen the varianceis increasedand the
sameprocesss repeatedThis continuesuntil the critical value of variancewhenthe meandoes
not tend to infinity. The density evolution for LDPC codesusing a Gaussiarapproximationis
describedn [2]. For the sale of brevity we omit the description.

Tablel lists the thresholdgor the MMSE-LDPC schemesor the 3x3 point spreadfunctions
definedby (2). The SNRis calculatedasin (6) exceptthattherateof the LDPC codeis alsotaken
into account.The LDPC codeis the regular (3,6) code.The table shavs that asthe interference
becomesamore severe the thresholdsbecomeworse,which is what we expect. The table showvs
that the noisethresholdsof the hybrid schemearevery closeto thoseof the exact schemeThe

thresholddfor the approximatell schemeare not shavn sincethey are very high.

C. Bit-Error Rate versus S\NR Curves

Fig. 2 shaws the bit-error rate (BER) versusSNR curvesfor the MMSE-LDPC schemeswith
SNR definedin (6). The performanceof the MMSE-LDPC schemess plottedfor the different
equalizerdor the ISl in (2) correspondindo s=0.4. A block length 10000, regular (3,6) LDPC
codeis usedandthe leftmostcurve shavs the performanceof this codeon an AWGN channel.
The figure also shows the performanceof the full graph algorithm, a sum-productmessage-
passingbasedrecever for the 2D ISI channel[6]. For the MMSE-LDPC schemeghe equalizer
performsa maximumof ten iterations;20 iterationsof LDPC decodingare performedfor each
equalization.The BER curves confirm what the noise thresholdssuggestednamely that the
hybrid schemes performanceis very close to that of the exact scheme.The approximatel
schemesuffers a lossof aboutl1.5 dB comparedo the exact schemeAgain the performanceof
the approximatell schemes omitted sinceit is very bad.

Fig. 2 also shaws the performanceor the exact MMSE-LDPC schemefor increasingblock
lengths.The dashedvertical line depictsthe thresholdfor the exact MMSE-LDPC schemeusing
aregular (3,6) codeascalculatedn the previous subsectionlt canbe seenfrom the figure that,
even as the block length increasesyery low BERs are achiezed only whenthe SNR is above
the thresholdSNR. Fig. 3 shows the performancecurvesfor the exact MMSE-LDPC schemédor

ISI correspondingo differentvaluesof s in (2). As expected whenthe ISI becomesseverethe
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performanceof the recever degrades However, even for s = 0.6, whenthe interferenceenegy

is nearly 33%, the lossin SNR over the LDPC codeis only a little over 3 dB.

V. CONCLUSIONS

In this letter we have presentedesultsfor the applicationof the MMSE schemegproposedoy
Tuchleret al. [10] to 2D ISI channelsThe MMSE equalizersareusedin conjunctionwith LDPC
decodingto furtherimprove the performanceSimulationsresultsbasedon EXIT charts,density
evolution, andBER versusSNR curves,showv similar performancedrendsasfor one-dimensional
ISI channels.The performanceof the MMSE-LDPC recever using the exact equalizeris very
closeto thatof the message-passirmpsedalgorithmandat a muchlower computationatost. The
hybrid schemeperformsalmostas-well-asthe exact schemeand haseven lower computational

complity.
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Fig. 1. EXIT chartsfor the MMSE equalizationschemesat 1.15 dB SNR. EXIT chartsfor the exact MMSE schemefor
different SNRs.Also shavn is the EXIT chartfor a block length 10000, regular (3,6) LDPC code.
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TABLE |

10

THRESHOLDS FOR EXACT MM SE-LDPC DECODING SCHEME USING REGULAR (3,6) LDPC CODE FOR DIFFERENT 3 x 3

August 30, 2005

POINT SPREAD FUNCTIONS.

s | Interference ThresholdSNR [dB]
Enegy (%) | Exact | Hybrid | Approx|
0.1 1.00 1.209 | 1.209 1.220
0.2 3.99 1.349 | 1.385 1.445
0.3 8.93 1.707 | 1.772 1.891
0.4 15.65 2.197| 2.247 2.472
0.5 23.81 2.993| 3.125 3.420
0.6 32.87 4.168| 4.306 4.622
0.7 42.20 5.638 | 5.850 6.144
0.8 51.21 7.594 | 7.932 8.125
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Fig. 2. BER versusSNR curvesfor different MMSE-LDPC schemeaising a block length 10000, regular (3,6) LDPC code.
BER versusSNR curves for the exact MMSE-LDPC schemeusingregular (3,6) LDPC codesof increasingblock lengths.
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Fig. 3. BER versusSNR curesfor the exact MMSE-LDPC schemedor different3x3 point spreadfunctionsusinga block

length 10000, regular (3,6) LDPC code.
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