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Spectrum Estimation from Quantum-Limited
Interferograms

Daniel R. Fuhrmann, Chrysanthe Preza, Joseph A. O’Sullivan
Donald L. Snyder, William H. Smith

Abstract— A quantitative model for interferogram data
collected in a quantum-limited hyperspectral imaging system
is derived. This model accounts for the geometry of the
interferometer, the Poisson noise, and the parameterization of
the mean of the noise in terms of the autocorrelation function
of the incident optical signal. The Cramer-Rao bound on the
variance of unbiased spectrum estimates is derived and provides
an explanation for what is often called the “multiplex dis-
advantage” in interferometer-based methods. Three spectrum
estimation algorithms are studied: maximum likelihood via the
expectation-maximization (EM) algorithm, least squares (LS),
and the fast Fourier transform (FFT) with data precorrection.
Extensive simulation results reveal advantages and disadvan-
tages with all three methods in different signal-to-noise ratio
regimes.

Index Terms Spectrum Estimation, Interferometry, Inter-
ferograms, EM Algorithm, Cramer-Rao Bound, Multiplex Dis-
advantage.

I. Introduction

Hyperspectral imaging (HSI), or imaging spectrometry,
is an emerging technology which is showing significant
promise for applications in remote sensing, surveillance,
and astronomical imaging. In HSI, a sensor acquires an
image of a scene, normally in the visible or infrared
regions of the optical spectrum, in which each pixel is
resolved into many, perhaps hundreds, of spectral bands.
This fine spectral resolution, it is anticipated, will create
new opportunities for scene analysis, target recognition,
and anomaly detection which would not be possible
in conventional monochromatic or trichromatic imaging
systems. The growth of this technology is rekindling an
interest in the classical problems of spectrum estimation
as well.

In many systems, the resolution of each pixel in the
spectral dimension is accomplished by dispersing light
over the focal plane either by a diffraction grating or
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by a prism. The signal processing required for spectrum
estimation is minimal, and consequently these systems do
not concern us here. There is a second class of systems
which use interferometric techniques [1], [2], [3] to acquire
a signal called an interferogram, which is nominally a
sampled version of the autocorrelation function of the
incident optical signal. Typically one obtains the desired
spectrum by computing the discrete Fourier transform
of the interferogram. We feel that this method, which
computationally efficient, is suboptimal from a statistical
signal processing perspective and that other methods
should be considered. The subject of this paper is the
statistical estimation of the power spectral density from
the interferogram, with particular emphasis on low light-
level conditions.

The subject of spectrum estimation is a familiar one
to many in the signal processing community. In early
work on the subject, the problem was often posed as the
mathematical one of identifying a positive spectrum which
is consistent with a finite known set of autocorrelation
lags. In his original work, Burg [4] considered the problem
of finding an extension of the truncated autocorrelation
which maximized the spectral entropy subject to con-
straints given by the known lags. While this application
of the maximum entropy formalism was a breakthrough
philosophically, the technique was at first widely misap-
plied when it was used on sample autocorrelation lags
formed from time series data. Subsequent research led
to a wide variety of techniques for spectrum estimation
from time series data, many of which are summarized
in [5]. In the present work we return to the problem of
spectrum estimation from autocorrelation data - but in
this case a noisy, truncated, and distorted version of the
autocorrelation called the interferogram.

This problem was considered by Neira and Constan-
tinides [6], [7] who addressed it using the tools of frame
theory and maximum entropy. They observed that if the
autocorrelation is oversampled, then a smooth and more
accurate version of the autocorrelation can be recovered
from the noisy samples. This approach does not treat the
problem directly as a statistical estimation problem.

Bialkowski [8] approached the problem by observing
that the desired spectrum is a linear transformation (the
Fourier transform) of the true autocorrelation, and that
the acquired autocorrelation data are subject to Poisson
statistics. Under this model, he set up the appropriate
maximum-likelihood estimation problem and solved it
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numerically using the Expectation-Maximization (EM)
algorithm [9], [10], [11]. The motivation in this work
is interesting, and relevant to hyperspectral imaging.
Bialkowski was attempting to overcome a phenomenon
known as the “multiplex disadvantage” [12], in which
the effect of sensor noise is seen across all spectral bins,
rather than just those in which there is signal energy,
as would occur with direct spectroscopic measurements.
The concern is that multiplicative noise associated with a
single strong source could mask a weak signal at a separate
frequency, a concern which we share as well.

In this paper, we extend the statistical estimation
approach of Bialkowski in several ways. First, we derive
a more realistic physics-based model for the relationship
between the desired spectrum and the acquired data. This
model includes the effects of time-warping and apodization
of the interferogram, as well as possible misalignment
effects in the sensor. The parameters of the resulting
sensor response model can be determined empirically.
Using this model, we determine a performance bound
on any unbiased estimate of the spectrum. Analysis of
this performance bound confirms, and provides insight
into, the difficulties of performing wideband spectrum
estimation in the low-SNR regime using interferometric
techniques. Finally, three spectrum estimation methods
are derived: 1) maximum-likelihood via the EM algorithm;
2) least squares; and 3) fast Fourier transform (FFT) with
data precorrection. Results obtained with these methods
as well as trade-offs in performance and computational
complexity are presented.

II. Sensor Model

Jacquinot [13] reviewed in detail the interrelation be-
tween light handling capability, spectral resolving power,
and the physical nature of specific spectroscopic devices.
While these considerations are important for the design
and analysis of modern hyperspectral sensors, there is
an additional impact due to the multiplex and/or multi-
channel signal encoding properties. We study this impact
for the specific case of low flux quantum noise-limited
illumination in a two-beam interferometer.

A. Physical Model

The sensor model we adopt in this paper is that of a
simple two-beam interferometer. While simple and intu-
itive, this model captures many of the important features
of more complex real-life sensors such as the Digital
Array Scanned Interferometer (DASI) [2], [14] shown in
Figure 1. Our purpose is to show how the effects of time-
domain warping, apodization, and Poisson noise can all
be accommodated in the proposed spectrum estimation
method. Although this model has been presented also
in [15] it is included here for completeness.

The interferometer model we consider is shown in
Figure 2 corresponding to the classical Young’s experi-
ment. All of the arguments below are based on geometric
ray tracing (no diffraction). The optical wavefront is

incident on a shutter in which there are two narrow slits,
separated by distance d. Light passes through the slits
and illuminates the focal plane at a distance f. The light
from the two paths recombines at the focal plane to form
an interference pattern.

Let the incident field at the two apertures be E(t).
Ignoring polarization, E(t) will be treated as a scalar
field. It is modeled as a wide-sense-stationary stochastic
process with power spectral density S(f) and correspond-
ing autocorrelation function R(7). The incident field at
position x along the focal plane axis is proportional to
E(t—7i(z)) + E(t —75(x)), where 7;(z) = " r(x)
are the optical path lengths in Figure 2, and ¢ is the
speed of light. The intensity of the light at position z, is

the average squared value of the field, given by
I(x)= <|BE{t—7(z)+Et—n@E>>. 1)

The intensity in (1) can be written in terms of the
autocorrelation function as

I(z) = 2R(0) + 2R(7(x)), (2)

where
m(x) . (3)

The two distances r1(x) and r2(x) are given by

() = m(z) —

new = |1+ <x+§>2r/2 (@
n@ = |7 <x-g>2}“. 6

When the resulting expression for 7(x) is expressed as a
first-order Taylor series in z in the neighborhood of z = 0

we get
d
)~ gt (6)

However, this linear approximation is not good over the
entire range of x. The nonlinear relationship between
z and 7(z) must be accounted for in the spectrum
estimation.
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Fig. 1. Schematic of a birefrigent DASI sensor configuration.
Light passing through a slit is sheared into two components by the
Wollaston prism which are forced to interfere by the second polarizer.
The interference pattern or interferogram can be detected by a two-
dimensional focal plane array (FPA).
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If a charge-coupled device (CCD) array is placed along
the focal-plane axis (z-axis), then each element has a
response which is proportional to the intensity of the
incident field. In this way, the sensor acquires an image of
the autocorrelation function, added to an R(0) pedestal as
indicated by (2). The data acquired by the CCD elements
and their associated instrumentation form what is called
the interferogram.

A model which takes into account imperfect alignment
of various parts of the sensor is also possible, as shown
in Figure 3. In this model, the direction-of-arrival of the
incident field makes an angle ¢ with the vertical, and
the focal plane makes an angle 6 with the horizontal.
Furthermore, the CCD array is not centered beneath the
midpoint of the two slits. While the first two effects are
undesirable, the third may be deliberate in that it allows
for acquisition of autocorrelations at larger 7(z) than is
possible in the symmetric sensor. The equations for time
delay at position z are:

@) = 2O onE

T0 = gsingb (8)
1/2

ri(z) = [(f:csin&)2 + (:ccos@+g)2} 9)
e d., 1/2

ro(z) = [(fa:smg) + (xcos@i)} (10)

Another important effect which must be included in
our model is the attenuation in intensity which occurs
naturally as a result of the angle which the ray path makes
with the normal to the CCD element (the obliquity). This
attenuation of R(7) with increasing 7 is called apodization.
From a signal processing perspective, this is equivalent to
windowing except that it occurs naturally rather than
being introduced within the signal processing.

To derive the apodization function for our simplified
model, we assume that the illumination from the two slits

,,,,,,,,,,,,,,,,,,

Fig. 2. Two-slit interferometer

is distributed uniformly across the angle in the plane of
the diagram in Figure 2, and then we compute the angle
subtended by each pixel at the midpoint M between the
two slits. Define ¥ as the angle formed by the ray from M
to the pixel at location x with the normal ray from M to
the CCD line; see Figure 4. The angle subtended by pixel
2 is AW, which is well-approximated by %Am where Ax
is the width of one pixel, assumed constant. In our model
for the sensor with imperfect component alignment, we

have Feind
U — tan—! L jsmb 11
an < fcosd (11)
and hence
dv 1 1
— = . (12)
dx _rsing\2 fcosf
I+ (xfgosSG )

If we consider this a space-dependent gain g¢g(z) and
normalize it so that it has maximum value 1, then we
arrive at the apodization function

1
—_— .
x—fsin O

I+ ( fcosB )
Note that in this model, the peak of the apodization
function (z = fsinf) does not necessarily coincide with
the time center of the measured autocorrelation function
(x =0).

Summarizing the sensor model to this point, we have
that the light intensity at position z is given by

I(z) Cy(2)[R(0) + R(r(z))] (14)
C’g(x)/S(f)(l + cos(2mfr(x))df (15)

(13)

g(z) =

where 7(x) is determined from the time-delay equations,
g(z) is the apodization term, and C is some constant.
Note the linear relationship between the desired spectrum
S(f) and the intensity I(z).

As stated in the beginning of this section, this model
captures most of the key features of an interferometric
sensor which we need for illustrating the spectrum esti-
mation method. However, there is one important feature

E(t)

-’

Fig. 3. Interferometer with imperfect alignment.
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of the birefrigent form DASI [2] worth mentioning at this
point. In the DASI (Figure 1), the two light paths are
created by a single slit aperture, a Wollaston prism, and
an appropriate arrangement of polarizing filters. With this
configuration, it is simple to create an interference pattern
of the form R(0) — R(7) instead of R(0) + R(7) by a
90-degree rotation of one of the polarizers [14]. When both
data sets are collected (separate measurements) one can
obtain estimates of g(z)R(0) and g(z)R(r(x)) by simple
addition and subtraction. In our simulation example of
Section II-D, it will be assumed that both measurements
are available, although in two of the three spectrum
estimation methods the two data sets remain distinct.

B. Sensor Calibration

The performance bounds and spectrum estimation
methods to be proposed in later sections depend on
accurate knowledge of the sensor parameters and knowl-
edge of the time-delay and apodization curves. Detailed
methods for calibration of the these functions is beyond
the scope of this paper, but are discussed in [16], [15]. In
brief, the apodization curve can be autocalibrated using
simple polynomial curve-fitting techniques. Estimation
of the time-delay curve requires calibration sources, one
wideband and one narrowband. The wideband source is
used to determine the center of the interferogram, whereas
the narrowband source is used to produce an interferogram
which takes the form of a phase-modulated sinusoid.
The phase modulation can be deduced by discrete-time
quadrature demodulation, and this in turn determines the
time delay. In [15] it is assumed that the sources have
adequate SNR so that statistical estimation methods are
not required for calibration.

C. Statistical Measurement Model

According to the physical model above, there is a linear
relationship between the intensity I(z) and the desired
spectrum S(f). Assume now that there are M CCD ele-
ments at locations z; ... xp. This arrangement discretizes
the intensity I(z) into M distinct values I,,, = I(z,,). If
we further discretize the spectrum S(f) into N spectral
components at frequencies f1 ... fy, we have the linear

M
s

N \
A

Fig. 4. Geometry for modeling apodization

equation

N
I, = Zamnsn (16)
n=1
where the a,,, are elements of an M x N matrix A
incorporating all the effects described in the model above
and s = [s; --- sy]T is the desired spectral vector. It is
assumed that A is known from modeling and calibration.
When in-phase and out-of phase measurements are avail-
able, then there are two M x N matrices describing the
sensor effects which can be concatenated to form a single
2M x N matrix, which we still call A.

Under low light-level conditions, we model the outputs
of the individual CCD elements as Poisson random vari-
ables Ki ... Kj; with means proportional to intensity,
i.e., \;y, = «al,, where « is a constant which depends
on physical parameters of the CCD element and the
integration time. The probability mass function for the
data is

M )\,ki
P(K;s) = He%k@—i! (17)
i=1
Without loss of generality, we can assume that o = 1

and incorporate its effect into the matrix A. Thus, s and
A are related through the M x N system of equations

A = As |

where A = [\

The statistical estimation problem which now arises
naturally for our model is the following: given the data
K; ... Ky and the linear intensity model (16), estimate
the spectral values s; ... sy. In brief, we seek to estimate
a nonnegative function S(f) from Poisson data where the
rates are linearly related to S(f) via a nonnegative kernel.
Put this way, the problem bears a close resemblance to
similar problems in astronomical imaging [17] and positron
emission tomography (PET) [10].

)\M]T,

D. Simulation Example

We now present an example of the sensor modeled in
the previous sections, and two examples of the data which
might be acquired by such a sensor.

Using the model for the two-slit interferometer with
imperfect alignment, the following parameters are chosen:
the distance between the two slitsisd = 0.1 mm, the focal
length is f = 2.0 cm, and the tilt angles are § = 5° and
¢ = 10°. The CCD array cousists of 1280 elements spaced
uniformly along a line in the focal plane from z = —
15 mm to x = + 25 mm. In Figure 5, there are two
plots. The first shows the nonlinear relationship between
x and the differential time delay 7(z); the second shows
the apodization function g(x).

The first example is the simulated optical power spectral
density for a true extraterrestrial solar power spectrum
covering the range 400-800 THz shown in Figure 6.
The extraterrestrial solar spectrum over a wide range of
wavelengths, in W/cm ™1, was obtained from a publicly
available source [18]. This spectrum was converted to a
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power spectral density with units of W/THz, then sampled
at 2 THz spacing from 400 THz to 800 THz, yielding
200 spectral values covering roughly the visible optical
spectrum. The spectrum was windowed using a cosine
taper over the ranges 400-450 THz and 750-800 THz
to make it go smoothly to 0 at the edges. The chosen
resolution value is consistent with the maximum time
delay Tpma: = 300 fsec which the instrument can measure,
and is also as good or better than the spectral resolution of
several published specifications for hyperspectral sensors
in the visible range [19]. This value was chosen for our
simulation to avoid any issues of ill-posedness in the
inverse problem: too fine a discretization in frequency
will cause the A matrix in the previous section to be
rank-deficient, which raises a host of problems regarding
the uniqueness of spectrum estimates that we do not
wish to address here. The true autocorrelation function
of the spectrum, found by computing the inverse Fourier
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Fig. 7. Simulated optical intensity for the solar spectrum corre-
sponding to the in-phase (top panel) and out-phase (bottom panel)
configuration of the sensor.

transform of the solar spectrum on a very fine grid in time
(1), is shown over the range 7 = — 300 to 300 fsec in
Figure 6.

The simulated interferogram predicted by our model
was computed for both in-phase and out-of-phase measure-
ments. The simulated interferometer has 1280 elements
uniformly spaced from -15 mm to 425 mm. As a result,
the A matrix, relating observed measurements to the
spectral values, has dimension 2560 x 200. Measurements
were simulated by first computing As and then using
the poissrnd function in MATLAB to generate Poisson
data with mean cAs where c is a constant that controls
the overall signal-to-noise (SNR) defined as the average
number of counts per spectral bin. In other words, SNR
=Y (cAs)/200, where 200 is the number of spectral bins.

The intensity I(x) of the simulated interferogram pre-
dicted by our model is shown in Figure 7 for both the
in-phase measurement, and the out-of-phase polarization
measurement. Note the asymmetry in this intensity and
the warping of the delay axis for large z. Shown in Figure 8
are typical Poisson-distributed data generated according
to the intensity in Figure 7.

Using the same simulation parameters, a second exam-
ple of a predicted interferogram for a simulated optical
power spectral density of a line spectrum is presented.
The line spectrum contains two equal power Gaussian
functions centered at 495 and 505 THz with equal stan-
dard deviation of 2 THz and a constant (white noise)
background. The powers were chosen such that 3/4 of the
total power is in the peaks, and 1/4 in the background.
The line spectrum and its true autocorrelation function,
shown over the range 7 = —300 to 300 fsec, are given in
Figure 9. The interferogram intensity, I(z), predicted by
our model for the in-phase and out-of-phase configuration
is shown in Figure 10.
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III. Performance Bounds

For the statistical measurement model of Section II-C
above, it is possible to use the Cramer-Rao (CR) bound to
determine a matrix lower bound on the covariance matrix
of errors for any unbiased estimate § of the spectral vector
s. The maximum-likelihood estimator of Section IV-A
appears biased in simulation; the least-squares estimator
of Section IV-B is unbiased, provided that nonnegativity
is not enforced. In any case, the log-likelihood satisfies
the regularity conditions of Cramer [20] for the estimator
to be asymptotically unbiased, in which case the CR
bound results are useful, and furthermore the maximum-
likelihood estimates are asymptotically efficient.

The Fisher information matrix is given by

82

J, = E[Wé(s;k)} (18)
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Fig. 11. Cramer-Rao bound on spectrum error variance at 0 dB for:
the solar spectrum (left panel) and the line spectrum (right panel).

where £ is the log-likelihood for the data k and the second
derivative is evaluated at the true value of s. The Fisher
information matrix for the PET problem, mathematically
identical to the one considered here, was derived by Hero
and Fessler [21]. Defining the diagonal matrix A according
to

A = diag())

then the Fisher information matrix is

J, = ATA'A (19)

The inverse of J is a matrix lower bound on the covariance
matrix of any unbiased estimator for s. That is, if Rg is the
covariance of some unbiased estimator §, then Rg—J, ' is
a nonnegative definite matrix. In particular, the diagonal
elements of the J, ' are lower bounds on the variances
of the corresponding individual elements of §.

The representation of a Poisson log-likelihood function
for a linear measurement model that is used to derive the
EM algorithm may also be used to quantify the multiplex
disadvantage. We show here that the measurement matrix
A introduces a loss in information in the following sense:
the Fisher information matrix for the case where the
data are Poisson with mean s, is greater than the Fisher
information matrix in the case where the data are Poisson
with mean As, assuming that the expected total number
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Fig. 13. One sigma error bars for the line spectrum estimation for
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lines correspond to the mean + one standard deviation.

of counts is the same. Our proof technique is based
on an alternating maximization methodology for Poisson
maximum-likelihood problems [22], [23].

The Poisson log-likelihood function, the logarithm of
(17), is given by

N N
Z k., In Z AmnSn | — Z AmnSn (20)

n=1 n=1

M N Tnim
- Tea%(*n; nz::l [Mmkm In — + amnsn} (21)
= I;lég(L(k S, ), (22)

where P is the set of conditional probabilities P =
{Tnim = 0 Zﬁleﬂn‘m = 1}. The EM algorithm
presented in the next section is obtained by alternately

maximizing L over s and over = € P. The maximization
over m, viewed as a function of the spectrum, is achieved
by

Amn Sn
Zﬁ Amn Sh ’
The function L can be written as the sum of two terms,
the first being

(23)

ﬂ'n‘m(s) =

Qk:s,m)

Z Z 7Tn|mk Ins, — amngn] ;

n=1m=1

(24)

the expected value of the complete data log-likelihood
function given k, where 7, ,;, is interpreted as the prob-
ability that a measurement in bin m came from spectral
bin n. The second term is a measure of the entropy of
Tnlm-

The Fisher information matrix in (19) is found by taking
the second derivatives of (20) yielding

M
§ : —1

>\i Q5 i -
i=1

The Fisher information matrix can be found equivalently
using the second expression (21). The result of course is
the same as using the first expression (20). The advantage
is the following. Consider the matrix of second partial
derivatives of L with respect to elements of {s,n}. The
submatrices have entries

Ik (25)

0*L M Tn|m k 6nn’
08,08 - = Z [ :| (26)
0’L km&m/
- - Imn )
08,01 |m Sn (27)
82[‘ km5mm’ 5nn’
g EmOmmOnn 28
O | m O Tplm (28)

where 6,., is the Kronecker delta. The second derivatives
with respect to s, yield a diagonal matrix whose mean is
the negative of the Fisher information matrix that would
be obtained if the data 25\714:1 Tn|mkm were Poisson with
mean s, and these data were measured directly. These
diagonal entries are

M
1 Z a,mnkm
Z Am Si
dh M
and have mean ) " | amn/5n.
The Fisher information matrix for our problem is

obtained from this larger matrix using the first derivatives
of 7y m(s) with respect to the s,,

(29)

Ogn‘m _ ?an5nn’ B Amn SnAmn’ . (30)
St D=1 Gmi S [Zgil amﬁSﬁ]

The matrix of second derivatives with entries (28) is

singular. One set of N singular vectors, indexed by n,

has the first N entries equal to d,,- and last M N entries

equal to —%nfan’  the first term in (30). Thus the

Fisher information matrix is determined by the second

mnSh
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term in (30) and the second partial derivatives of L with
respect to elements of 7.

An alternative expression for the Fisher information
matrix clearly shows that the information decreases due
to not measuring the entries of s,, directly. Plugging (30)
into the partial derivatives, keeping the first term (26)
separate, and simplifying the remaining terms (the three
remaining terms all equal plus or minus the second term
here) yields

I 5 ’ M
[Js]nn/ - PR ,’; Wnlmkm (31)
1 U N
B SnSn/ Z ko Z [5nﬁ - Wrn\m] Ti|m [5n’ﬁ — ﬂ'n,‘m]

The Fisher information matrix is found by taking the
expected value of Jg. The second matrix in this expression
is clearly nonnegative definite, yielding a decrease in
the Fisher information matrix and hence an increase in
Cramér-Rao lower bounds.

For the solar and line spectra considered in Section II-D,
lower bounds on the variances of the individual spectral
values obtained from the diagonal of J !, are plotted in
Figure 11. These plots indicate that the loss of information
in comparison with the direct-measurement case can be
substantial. For a broad spectrum with an average of
one count per spectral bin, the CR bound of the direct-
measurement case would be the spectrum s itself, with an
average value of 1. With the interferometric measurement,
we see an average variance of over 400 - a drop of over 26
dB in SNR. This loss can be attributed to the Poisson noise
in the R(0) pedestal in the tails of the interferogram, which
are uninformative in the broad spectrum case. Better
results are obtained in the line spectrum case, where the
interferogram contains more useful signal information in
the tails and the spectral peaks rise above the noise floor.
Here the SNR in the peak region of the spectrum is higher
than it would be in the direct measurement case. Standard
deviations superimposed on the true spectrum are shown
in Figure 12 for the solar spectrum and in Figure 13
for the line spectrum. Although the Fisher Information
Matrix and its inverse are full-rank in this example, there
is considerable correlation exhibited in the off-diagonal
elements of J,~!. Although this is difficult to display
graphically, it means that the errors are correlated across
the spectral values in s. This may also be interpreted as
another manifestation of the “multiplex disadvantage”.

IV. Spectrum Estimation Methods

In this section we present three different methods for
estimating the spectrum S given the Poisson-distributed
observations K --- Kjs. The first is based on maximum-
likelihood methodology, where we use the EM algorithm
to maximize numerically the likelihood function. The
second is based on least squares, and the third is a more
conventional FFT approach, after preprocessing steps to
compensate for the time-delay curve and apodization.

A. Maximum Likelihood via the EM Algorithm

We seek to maximize the log-likelihood (20) with respect
to s1 --- SN, subject to the positivity constraint s, > 0,
n =1---N.

The EM algorithm derived for other problems can
be applied to this problem; the result is an alternating
maximization algorithm which guarantees the positivity
of the iterates s, 7) at each iteration j and monotonicity
of the log-likelihood function. The initial iterate could
be any reasonable guess, such as a flat spectrum with
level determined by the sum total of all data or one of
the computationally efficient spectrum estimates described
below. Derivation of the EM algorithm can be found in [8],
[10], [22]. As mentioned in Section III, the algorithm
alternately maximizes L(k : s, ) over s and over . With
7 evaluated using (23) at the previous estimate s(),

7Tnlm(s(j)) kum

M
Zm/zl am/n
knm,

) M
S - 33
Z%/Zl am/n ’Inzzl (27]’:{:1 amn/Sn/ (J)) ( )

With proper data organization, each step of the algorithm
is easily implemented using 2 matrix-vector multiplica-
tions, 1 pointwise vector multiplication and 2 pointwise
vector divisions. (The required number of iterations is
difficult to determine a priori, but in our experience, with
the simulation parameters of Section II-D, 100 to several
hundred iterations are required.)

M
G0 = 3

m=1

(32)

B. Least Squares

As an alternative to the maximum-likelihood method,
we consider a least-squares approach. The least squares
solution is that one which minimizes the squared error
between the data and the synthetic model based on the
chosen parameter.

The intensity vector A is related to the underlying
spectrum through the linear relation A = As as seen
previously. The observation k has expectation A. The
least-squares estimation of s is then that value of s which
minimizes

lk — As|?. (34)
The solution, found by straightforward matrix calculus, is
srs = (ATA) 1Ak . (35)

The pseudo-inverse
A = (ATA) AT (36)

could be computed off-line if the calibration parameters
are known and the estimation is to be performed multiple
times.

It is easily seen that
Elsrs] = (ATA)'ATAs =5, (37)

and thus, the least-squares estimate is unbiased and the
Cramer-Rao bound derived in Section IIT is applicable.
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However, an exact variance expression is available in this
case, so the CR bound is not especially useful. Note that

cov(s) = Afcou(k) AT (38)

Since the components of k are independent and Poisson,
we have that cov(k) = diag(\) = A, and hence

cov(s) = A*AAFT (39)

The diagonal elements of this matrix comprise the vari-
ances of the spectral values.

Note that a nonnegativity constraint was not enforced
on the spectrum estimates in any of the above derivations.
This could be done by either 1) clipping the spectrum
estimates, so that any negative spectral values obtained
by (35) are set to 0, or 2) finding § which satisfies the
nonnegative least squares problem, i.e., minimizes (34)
subject to nonnegativity constraints. Either method leads
to positively-biased spectrum estimates; the latter ap-
proach is computationally prohibitive for the dimensions
involved. Instead, least-squares estimates were computed
using the Matlab pseudo-inverse routine and then negative
values were set to zero.

C. FFT with Data Precorrection

A computationally efficient and reasonably effective
method for estimating the spectrum can be crafted based
on the discrete Fourier transform (DFT). In fact, the
fundamental idea of measuring the autocorrelation and
taking the inverse Fourier transform to get the spectrum
is the basis of all interferometers. As shown above, such
an approach ignores the Poisson statistics of the data, and
indeed is based on a noiseless data model. However, with
appropriate attention to other sensor effects, a reasonable
spectrum estimation algorithm is obtainable.

Aside from the noise, the two sensor effects are the
apodization curve and the nonuniform sampling of the
time-delay axis by the uniformly-spaced CCD elements.
We propose simple methods to mitigate these effects by
preprocessing the data. First, all measurements K (x) can
be divided pointwise by the apodization curve g(x) to
arrive at a measurement, which has uniform gain along the
entire interferogram. Second, if data corresponding to both
R(0) + R(r) and R(0) — R(r) are available, these can be
subtracted to arrive at a single composite measurement of
R(7). Finally, the autocorrelation can be resampled from
the nonuniform grid afforded by the CCD elements, to a
uniform grid in 7 space. This interpolation can be found
using some bandlimited interpolation function (such as a
sinc), or by using cubic spline interpolation. The maximum
value of 7 should be the same as that corresponding to
the most distance CCD element from the interferogram
center, and the grid spacing should be determined by the
largest frequency present in the spectrum, using sampling
theorem concepts. Note that a grid spacing finer than
what is given by the measurements themselves will lead
to meaningless results at high frequencies.

The autocorrelation function is an even function of 7,
and this symmetry can also be used to advantage. Once

the interferogram has been resampled onto a uniform grid,
values of R(7) for which there are two data points on either
side of the center can be replaced by their average. Values
of R(r) for which only one data point exists can be set
equal to this value on either side of 7 = 0. Furthermore,
this symmetrized autocorrelation can be zero-padded out
to some convenient number of time delays, presumably a
power of 2, for purposes of efficiently computing the DFT
via a fast Fourier transform (FFT) algorithm. Details on
this method can be found in [15].

In our simulation results, resampling of the autocorrela-
tion is accomplished using the Matlab routine spline and
the spectrum is computed using a 4096-point FFT on the
symmetrized interferograms.

V. Simulation Summary

Results obtained with the three methods (EM, LS, and
FFT) and slight variations thereof are summarized in this
section. Throughout we adopt the conventions that 1)
the spectrum vector s is normalized so that the average
component is equal to 1.0, and 2) the columns of the
matrix A are normalized to unit sum, then multiplied by
some constant ¢. The data are Poisson with mean As, as
described previously. For Poisson random variables, the
mean equals the variance and therefore the SNR (mean
squared over variance) equals the intensity. Hence we can
report that the input SNR, by which we mean the average
intensity per spectral bin, is equal to the constant ¢, or
10logc if we use a dB scale. By keeping the spectrum
constant at one count per spectral bin, and changing
the number of Poisson counts through variation of ¢, it
is possible to compare the performance of the various
algorithms directly as a function of SNR.

Poisson data with SNR equal to 20-60 dB, in 10
dB increments, were processed with the three methods.
Figures 14-16 show the results for the solar spectrum, and
results for the line spectrum are shown in Figures 17-19.

Figure 14 illustrates the result of processing one re-
alization of the Poisson data for the solar spectrum at
SNR = 40 dB. It is evident that the level of noise in
all three spectrum estimates obscures the fine detail in
the spectrum at this SNR. Also shown in this figure are
the computation times for the three methods, for the Sun
Sparcstation used to carry out the simulations. Note that
there is about an order of magnitude difference between
the FFT and LLS methods, and another order of magnitude
between the LS and EM methods.

In Figure 15 we compare the three methods at a higher
SNR of 60 dB. In this case the fine detail in the spectrum
is revealed in the LS and EM estimates. The FFT method
also reveals this detail, although there is an apparent
systematic bias at higher frequencies.

The result of a large simulation which summarizes the
performance of the various methods as a function of SNR
is shown in Figure 16. Each data point shown is the
result of 10000 simulated spectrum estimates from Poisson
data, and the plotted results are the average squared
error between true and estimated spectral, per spectral
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SPECTRUM ESTIMATE: FFT METHOD
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Fig. 14.  Solar spectrum estimated from one realization of the
data with SNR = 40 dB with three different methods: FFT method
(top panel), LS method (middle panel), and EM algorithm (bottom
panel). The red line plots the true solar spectrum. The time it took
to compute each estimate is indicated in seconds in each panel. The
LS result was used as the initial estimate for the EM algorithm.
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Fig. 15. Solar spectrum estimated from one realization of the
data with SNR = 60 dB with three different methods: FF'T method
(top panel), LS method (middle panel), and EM algorithm (bottom
panel). The red line plots the true solar spectrum. The LS result was
used as the initial estimate for the EM algorithm.

bin, expressed on a dB scale. Two versions each of the
LS and FFT algorithms were considered, one in which
the spectral values are thresholded at 0 (indicated by
the term CLIP), and one in which they were not. Since
in the true spectra there is an average signal level of
one count per spectral bin, the negative of the result
plotted can also be interpreted as the average output SNR.
The average Cramer-Rao bound, found by averaging the
diagonal elements of the inverse of the Fisher Information
Matrix, is also plotted in these figures.

All the methods yield an average squared error that is
lower than the CR bound, except least-squares (LS) where

SEQI SIMULATION SUMMARY - SOLAR
T T T
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FFT |
&————% FFT-CLIH

Average Squared Error per Spectral Bin (dB)

—30k

-35 L L L L L L L
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Fig. 16. Average squared error per spectral bin, for the solar
spectrum computed for 5 different methods: 1) EM; 2) LS; 3) LS-
CLIP which is the result of thresholding the LS result at 0; 4) FFT;
and 5) FFT-CLIP which is the result of thresholding the FFT result
at 0. CRB is the Cramer-Rao bound.
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Fig. 17. Line spectrum estimated from one realization of the data
with SNR = 20 dB with three different methods: FFT method
(top panel), LS method (middle panel), and EM algorithm (bottom
panel). The red line plots the true line spectrum.

we can in fact compute the squared error analytically.
This is not too surprising since all the other methods are
biased, so the CR bound is not really applicable. At low
SNR, EM yields the smallest squared error. Around 40 dB
(10000 counts per spectral bin), all methods are about the
same and lead to an output SNR of 14-15 dB. At high
SNR, the relative performance of FFT methods falls off.
We believe this is due to systematic errors in the various
interpolations used, which begin to dominate the error for
that method in this regime. Also at high SNR, the CR
bound and the performances of the EM and LS algorithms
essentially coincide.

Figure 17 depicts the results for processing one real-
ization of the line spectrum at an SNR of 20 dB. Here
we notice a significant improvement in performance of the
EM algorithm relative to the LS approach, unlike what
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SPECTRUM ESTIMATE: FFT METHOD
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Fig. 18. Line spectrum estimated from one realization of the data
with SNR = 20 dB with three different methods: FFT method

(top panel), LS method (middle panel), and EM algorithm (bottom
panel). The red line plots the true line spectrum.
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Fig. 19. Average squared error per spectral bin for the line (or
peaks) spectrum computed for 5 different methods: 1) EM; 2) LS;
3) LS-CLIP which is the result of thresholding the LS result at 0; 4)
FFT; and 5) FFT-CLIP which is the result of thresholding the FF'T
result at 0. CRB is the Cramer-Rao bound.

was observed in the solar case. An expanded view of the
estimated spectra in the vicinity of the peaks is shown in
Figure 18. Figure 19 summarizes the performance of the
various methods for this spectrum, analogous to what is
shown in Figure 16 and with similar results.

VI. Discussion

The results of our analysis and simulations reveal a
number of interesting issues in the design of interferomet-
ric spectrometers for low light-level applications. Because
our results are all based on rather generic models and
ideal simulations, we do not attempt to draw definitive
conclusions or recommendations about specific instru-
ments or the algorithms used to process data. However,
some considerations which undoubtedly will arise in such
designs are worth pointing out.

The first issue has to do with the multiplex disadvan-
tage which is often associated with using interferometric
sensors. In our analysis, we compare the error in the
spectrum estimates based on Poisson data with mean cs
(the so-called direct measurement) with the error based on
Poisson data with mean As, where the matrix A is chosen
so that the total number of Poisson counts is preserved.
The theoretical drop in performance is dramatic - as
much as 26 dB based on the parameters we have chosen.
However, this observation must be tempered by the fact
that we are comparing a realistic interferometer model
to a highly idealized direct-measurement instrument. The
resolving power of a real dispersive instrument would
certainly play a role here, as would many other optical
and electronic effects which have not been included in our
model, such as diffraction, stray light, dark current, and
flat-fielding effects.

The source of the multiplex disadvantage seems clear:
it is the Poisson noise associated with the R(0) pedestal
that extends across the entire length of the interferogram,
when most of the interesting signal information is confined
to a very short interval surrounding the point 7 = 0 (see
Figures 7 and 8). This suggests a design trade-off between
the length of the interferogram, which will affect spectrum
resolution, and the output SNR.

For certain kinds of signals, namely monochromatic
light or signals with line spectra, our analysis indicates
that the multiplex disadvantage may actually become
a multiplex advantage in those regions of the spectrum
with signal energy. Because the effects of the noise are
spread across the entire spectrum, the output SNR at the
spectrum peaks could be higher than what it would have
been in the direct measurement case. The price to pay for
this improved performance near the peaks is the increased
noise level in the background spectrum.

The fact that all methods except LS exhibit squared-
error performance superior to the CR bound indicates
that these methods are biased. A complete study of the
nature of this bias has not been carried out. The two
example spectra described in this paper were the only
ones studied, and were not chosen to show the statistical
spectrum estimation algorithms in a favorable light. We
leave open the possibility that, because of the bias, there
may exist other true spectra for which the algorithms have
performance worse than that indicated by the CR bound.
Such a study is outside the scope of this paper.

The choice of spectrum estimation algorithm will de-
pend on the design goals and applications of a particular
instrument. Our results indicate that the EM algorithm is
generally superior but that it is computationally expensive
and therefore may not always be the best choice. At
low SNR, the advantage of the EM algorithm is most
obvious, but one must make the decision as to whether
the spectrum so obtained has any value at all at such a
low output SNR. The answer may be yes in the case of
line spectra, and furthermore there exist in the literature
a host of modifications, constraints, and regularizations
(such as complexity regularization [24], [25]) which could
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be introduced in this regime to ameliorate some of the
noise artifacts. At medium SNR levels all methods were
comparable and thus the FFT approach seems attractive
because of its computational efficiency. At high SNR, the
systematic shortcomings of the FFT approach begin to
appear, and the LS method emerges as a good choice
due to the combination of statistical and computational
performance. Again, the final choice would depend on a
thorough analysis of the instrument, the light level, and
the application.

VII. Conclusions

A quantitative model for interferometric data collection
in a quantum-limited hyperspectral imaging system was
described. This model accounts for the nonlinear relation-
ship between CCD position x and differential time delay
7, the effects of apodization, and the Poisson statistics of
the acquired data. The multiplex disadvantage, by which
we mean the drop in performance of an interferometric
instrument relative to an idealized direct-measurement
instrument, was evident both in the Cramer-Rao bound
analysis and in the simulations. The problem of estimating
the spectrum was considered using a variety of techniques,
namely the EM algorithm (often applied in other Poisson
inverse problems), least squares, and the FFT with data
precorrection. Simulation results indicate advantages, dis-
advantages, and design trade-offs with all the methods,
and that the correct choice would most likely depend
on a more thorough analysis and experimentation with a
particular instrument. Future research in this area could
include extending the model to include nonuniformities in
the focal plane array and for dark current, as in [17], and
the consideration of design trade-offs in the choice of the
interferometer parameters.
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